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A Proof of Propositions 1 and 2

In this appendix, I derive the dynamics of Network A and Network B. The derivations
of the density µAt for Network A contained in equation (4) of Proposition 1 proceed along
the same lines as those of Duffie and Manso (2007) and the references thereof, except
for one aspect: agents meet in Network A with an intensity ηqAt that is network-specific.
Since agents are restricted to meet with others currently positioned within the same
network, types are drawn from a density that needs to be normalized by the size of the
network such that it integrates up to one, i.e. µAt

qAt
. Hence, for n ∈ A, the dynamics of

µAt evolve as
dµAt (n)

dt = ηqAt

(
n−1∑
k=1

µAt (n− k)µ
A
t (k)
qAt

− µAt

)

which yields (4). The mass qAt is then obtained as follows: from (4), I can write

deη
∫ t

0 q
A
s dsµAt (n) = ηeη

∫ t
0 q

A
s ds

n−1∑
k=1

µAt (n− k)µAt (k)dt.

Integrating, I obtain that

µAt (n) = e−η
∫ t

0 q
A
s dsµA0 (n) + η

∫ t

0
e−η

∫ t
u
qAs ds

n−1∑
k=1

µAu (n− k)µAu (k)du.

Hence, if n = 1, this implies that µAt (1) = e−η
∫ t

0 q
A
s ds and

µAt (n) = η
∫ t

0
e−η

∫ t
u
qAs ds

n−1∑
k=1

µAu (n− k)µAu (k)du

for n ∈ A\{1}. Accordingly, the mass qAt of Network A satisfies

qAt =
K−1∑
n=1

µAt (n)

= e−η
∫ t

0 q
A
s ds

(
1 + η

∫ t

0
eη
∫ u

0 qAs ds
K−1∑
n=2

n−1∑
k=1

µAu (n− k)µAu (k)du
)
.

Differentiating this expression, it follows that

d
dtq

A
t = −η(qAt )2 + η

K−1∑
n=2

n−1∑
m=1

µAt (n−m)µAt (m), qA0 = ω0.

Equation (5) in Proposition 2 is derived in two steps: i) I first take care of the set of
agents who migrate to Network B. Taking discrete intervals of time ∆, the migration
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of agents to Network B satisfies

µBt+∆ = (1− ηqBt ∆)µBt + µAt+∆ − µAt .

Rearranging and taking the limit on both sides, I get

lim
∆→0

µBt+∆ − µBt
∆ = −ηqBt µBt + lim

∆→0

µAt+∆ − µAt
∆ .

Migrating agents have between K and 2(K − 1) signals and their meetings further need
to incorporate the restriction that both networks are disjoint: an agent who currently
holds K+1 signals could not previously have K signals for, otherwise, she would already
be in Network B. Likewise, an agent who holds 2(K − 1) could only previously possess
K−1 signals. Hence, the types k and n−k whose meeting results into n ∈ [K, 2(K−1)]
have to be such that 1 ≤ k ≤ K − 1 and 1 ≤ n − k ≤ K − 1, which is equivalent to
1 ∨ (n − (K − 1)) ≤ k ≤ (K − 1) ∧ (n − 1) or n − (K − 1) ≤ k ≤ K − 1 given that
K ≥ 2. Therefore, migrating agents with n ∈ [K, 2(K − 1)] signals enter Network
B at a rate dµBt (n)

dt = −ηqBt µBt (n) + η
∑K−1
k=n−(K−1) µ

A
t (n − k)µAt (k). First, there is no

emigration term related to µAt because agents achieving type n ∈ [K, 2(K − 1)] are
not part of Network A. Their emigration takes now place with respect to Network B.
Second, the convolution is truncated in such a way that the previous discussion holds.

Besides migrating agents, ii) I need to take care of the meetings among incumbents
to Network B who necessarily achieve a type higher than 2(K − 1). The derivation
thereof proceeds along the same lines as that for Network A and may, therefore, be
directly adapted: the types k and n − k whose meeting results into n ∈ [2K,N − 1]
have to be such that K ≤ k ≤ N − 1 and K ≤ n − k ≤ N − 1, which is equivalent
to K ∨ (n − (N − 1)) ≤ k ≤ (n − K) ∧ (N − 1) or K ≤ k ≤ n − K given that
N ≥ 2K. Hence, the convolution of incumbents is given by ∑n−K

k=K µ
B
t (n− k)µBt (k) and

the resulting density in (5) follows.
From (5), the mass qBt of agents located in Network B satisfies

qBt =
N−1∑
n=K

µBt (n) = η
∫ t

0
e−η

∫ t
u
qBs ds

N−1∑
n=K

 1{n∈[K,2(K−1)]}
∑K−1
k=n−(K−1) µ

A
u (n− k)µAu (k)

+1{[n∈[2K,N−1]]}
∑n−K
k=K µ

B
u (n− k)µBu (k)

 du.

Differentiating this expression, it follows that

d
dtq

B
t = −η(qBt )2 + η

N−1∑
n=K

 1{n∈[K,2(K−1)]}
∑K−1
m=n−(K−1) µ

A
t (n−m)µAt (m)

+1{n∈[2K,N−1]}
∑n−K
m=K µ

B
t (n−m)µBt (m)

 , qB0 = 0.

Finally, the mass of agents perfectly informed is determined by the sum of the agents
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holding n ∈ C signals for the set of integers C = {N, ..., 2(N − 1)} ⊂ N∗. Denoting by
µCt (C) = ι ({j : jt ∈ C}) the density for each classes of number n ≥ N of signals and
where C ⊆ C, I can write

d
dtµ

C
t (n) = η

(N−1)∧(n−K)∑
k=K∨(n−(N−1))

µBt (n− k)µBt (k), µC0 (n) = δ0.

Migrating agents pile up in each class which have become irrelevant given that Network
C indifferently grants access to perfect information. Hence, the mass qCt of agents
located in Network C satisfies

qCt =
2(N−1)∑
n=N

µCt (n) = η
∫ t

0

2(N−1)∑
n=N

(N−1)∧(n−K)∑
k=K∨(n−(N−1))

µBs (n− k)µBs (k)ds

= 1− qAt − qBt .

�

B Proof of Proposition 3

In this appendix, I derive the Bayesian updating procedure in the presence of social
interactions. In a first step, I derive the filter pertaining to the information accrued
from the tape and, then, derive the filter related to the information processed through
private discussions. When filtering from the price, agents apply a Kalman filter to the
vector of unobservable variables Xt ≡ (Π,Θt)> using the information Y c

t generated by
the tape. The vector Xt has dynamics

dXt =
 0 0

0 −aΘ

Xtdt+
 0
σΘ

 dBΘ
t , X0 =

 Π
Θ0

 .
From (6), the price may be written as

Pt = ξt + (1− λ1,t)Π̂c
t

where ξt ≡ λ1,tΠ+λ2,tΘt. Furthermore, notice that observing the price is informationally
equivalent to observing ξt, i.e. σ(Ps : 0 ≤ s ≤ t)⇔ σ(ξs : 0 ≤ s ≤ t) and thus Y c

t = ξt.
The dynamics of Y c

t are obtained by applying Ito’s lemma

dY c
t =

(
λ′1,tΠ + (λ′2,t − aΘλ2,t)Θt

)
dt+ λ2,tσΘdBΘ

t .
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The Kalman filter under F j for j = c, l is obtained through the theorem below.

Theorem 1. Denote the unobservable vector by Xt and the observable vector by Yt with
dynamics

dXt = (a0 + a1Xt)dt+ bdBt

dYt = (A0 + A1Xt)dt+BdBt

where dBt = dBΘ
t . The conditional mean X̂t with respect to the information set

FYt = σ(Ys : 0 ≤ s ≤ t) has dynamics

dX̂t = (a0 + a1X̂t)dt+ (OtA
>
1 + bB>)(BB>)− 1

2dB̂t

where Ot = E
[
(X − X̂t)(X − X̂t)>

∣∣∣FYt ] is the positive semi-definite conditional
variance-covariance matrix of Xt given by the solution to the Ricatti equation

Ȯt = a1Ot +Ota
>
1 + bb> − (OtA

>
1 + bB>)(BB>)−1(A1Ot +B>b)

and where the filter innovation B̂t satisfying

dB̂t = (BB>)− 1
2 (dYt − (A0 + A1X̂t)dt)

is a Brownian motion with respect to the filtration FYt .

Proof. See Lipster and Shiryaev (2001), Theorem 12.7. Q.E.D.

To apply Theorem 1, I need an expression for the variance-covariance matrix O
of the filter: notice that because ξt ∈ F ct ⊆ F lt , it follows that ξt = λ1,tΠ + λ2,tΘt ≡
λ1,tΠ̂c

t + λ2,tΘ̂c
t ≡ λ1,tΠ̂l

t + λ2,tΘ̂l
t. This means, in turn, that

E
[
(Θt − Θ̂j

t)2
∣∣∣F jt ] = E

(λ1,t

λ2,t

)2

(Π− Π̂j
t)2

∣∣∣∣∣∣F jt
 =

(
λ1,t

λ2,t

)2

ojt , j = c, l

and

E
[
(Θt − Θ̂j

t)(Π− Π̂j
t)
∣∣∣F jt ] = E

[
−λ1,t

λ2,t
(Π− Π̂j

t)2
∣∣∣∣∣F jt

]
= −λ1,t

λ2,t
ojt , j = c, l.

Accordingly, Oj for j = c, l may be written as

Oj
t = ojt

 1 −λ1,t
λ2,t

−λ1,t
λ2,t

(
λ1,t
λ2,t

)2

 .
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Further observing that

a0 =
 0

0

 , a1 =
 0 0

0 −aΘ

 , b =
 0
σΘ

 , A0 = 0, A1 =
 λ′1,t

λ′2,t − aΘλ2,t

>

and B = λ2,tσΘ and working out the expression for the conditional mean X̂t in Theorem
1, I get the following dynamics under common information

d
 Π̂c

t

Θ̂c
t

 =
 0 0

0 −aΘ

 Π̂c
t

Θ̂c
t

 dt
+ 1
λ2

2,tσΘ

 oct(λ′1,tλ2,t − λ1,t(λ′2,t − aΘλ2,t))
λ2

2,tσ
2
Θ + oct

(
λ2

1,t
λ2,t

(λ′2,t − aΘλ2,t)− λ1,tλ
′
1,t

)  dB̂c
t

where B̂c
t is a one-dimensional Brownian motion with respect to F ct with

dB̂c
t = 1

λ2,tσΘ

(
dξt − (λ′1,tΠ̂c

t + (λ′2,t − aΘλ2,t)Θ̂c
t)dt

)
. (21)

Using the definition of kt in (11), I get the equation (9) for the common filter. Further-
more, substituting the expression obtained above for Oc

t into the Ricatti equation of
Theorem 1 and working out the equation, I obtain the following ordinary differential
equation

doct
dt = − (oct)2

λ4
2,tσ

2
Θ

(λ′1,tλ2,t − λ1,t(λ′2,t − aΘλ2,t))2 = −k2
t (oct)2.

This yields the equation for the filtered variance under common information appearing
in (12).

Similarly, when agents l do not meet anyone and, thus, collect information from
only watching the tape, their forecasts evolve as

d
 Π̂l

t

Θ̂l
t

 =
 0 0

0 −aΘ

 Π̂l
t−

Θ̂l
t−

 dt+
 olt

(
nlt−

)
kt(

σΘ − olt
(
nlt−

)
λ1,t
λ2,t

kt
)  dB̂l

t (22)

where
dB̂l

t = 1
λ2,tσΘ

(dξt − (λ′1,tΠ̂l
t− + (λ′2,t − aΘλ2,t)Θ̂l

t−)dt) (23)

is a one-dimensional Brownian motion with respect to F lt− . The variance of their filter
evolves as dolt

(
nlt
)

= −k2
t

(
olt
(
nlt−

))2
dt.

I now turn to show how both the beliefs about Π and (Θt)t≥0 are updated when
an agent is met: whenever an agent l meets another agent holding mt signals, she
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gets a sequence {Slk}mtk=1 of incremental signals. Conveniently, by Gaussian theory,
S̄lm,t ≡ 1

mt

∑mt
k=1 S

l
k is a sufficient statistic for the latter. Notice that S̄lm,t is conditionally

distributed as S̄lm,t ∼ N (Π, σ
2
S

mt
). Then, by Bayes’ rule, the conditional density plt(Π|F lt)

may be written in the following recursive way

plt(Π|F lt) =
plt−(Π|F lt−)e

−
(S̄lm,t−Π)2

2σ2
S
/mt

∫
R p

l
t−(x|F lt−)e

−
(S̄l
m,t
−x)2

2σ2
S
/mt dx

.

Hence, at time 0, given the prior Π ∼ N (0, σ2
Π) and immediately after investor l receives

her initial private signal (in which case, n = 1)

pl0(Π|F l0) = e
− 1

2

(
Π
σΠ

)2

e
− 1

2

(
Sl−Π
σS

)2

∫
R e
− 1

2

(
x
σΠ

)2

e
− 1

2

(
Sl−x
σS

)2

dx
=

√√√√ 1
σ2
S

+ 1
σ2

Π

2π e
−

((Π)σ2
S

+(Π−Sl)σ2
Π)2

2σ2
S
σ2

Π(σ2
S

+σ2
Π)

which may be used as an initial condition for the above recursion. I can then compute
the integral in the denominator of the expression above to obtain

∫
R
plt−(x|F lt−)e

−
(S̄lm,t−x)2

2σ2
S
/mt dx =

√√√√√ ôlt
(
nlt
)

olt
(
nlt−

)e
−

(S̄lm,t)2

2σ2
S
/mt

+

(
Π̂lt−

)2

2ol
t

(
nl
t−

)
+

 Π̂lt−

ol
t

(
nl
t−

)+
S̄lm,t

σ2
S
/mt

2

ôlt(nlt)
2

where ôlt
(
nlt
)
≡

 1
olt

(
nlt−

) + mt
σ2
S

−1

. Substituting this expression back, I obtain

plt(Π|F lt) = 1√
2πôlt

(
nlt
)e−

 Π̂lt−

ol
t

(
nl
t−

)+
S̄lm,t

σ2
S
/mt

ôlt(nlt)−Π

2

2̂ol
t(nlt) = 1√

2πolt
(
nlt
)e− 1

2
(Π̂lt−Π)2

ol
t(nlt) (24)

where the second equality follows from that the conditional distribution plt(Π|F lt) is
Gaussian for any t. Comparing the two expressions in (24) yields the updating rule for
the variance

1
olt
(
nlt
) = 1

olt
(
nlt−

) + mt

σ2
S

(25)
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and the mean

Π̂l
t

olt
(
nlt
) =

Π̂l
t−

olt
(
nlt−

) +
S̄lm,t
σ2
S/mt

=
Π̂l
t−

olt
(
nlt
) +

S̄lm,t − Π̂l
t−

σ2
S/mt

. (26)

I still need to take care of the updating rule for the noisy supply (Θt)t≥0: observing
that information ξt accruing from the price is continuous, I can write Θ̂l

t − Θ̂l
t− =

−λ1,t
λ2,t

(Π̂l
t − Π̂l

t−) and, in consideration of (26), the updating rule immediately follows

Θ̂l
t

olt
(
nlt
) =

Θ̂l
t−

olt
(
nlt
) − λ1,t

λ2,t

S̄lm,t − Π̂l
t−

σ2
S/mt

. (27)

Alternatively, the conditional p.d.f. plt(Θt|F lt) for the noisy supply satisfies the recursion

plt(Θt|F lt) =
plt−(Θt|F lt−)e

−
(S̄lm,t−(Π̂lt+

λ2,t
λ1,t

(Θ̂j
t
−Θt)))

2

2σ2
S
/mt

∫
R p

l
t−(x|F lt−)e

−
(S̄l
m,t
−(Π̂l

t
+
λ2,t
λ1,t

(Θ̂j
t
−x)))2

2σ2
S
/mt dx

with initial condition

pl0(Θ0|F l0) =

√√√√√ λ2
2,0

λ2
1,0σ

2
S

+ 2aΘ
σ2

Θ

2π e
− 1

2
(2aΘΘ0λ

2
1,0σ

2
S

+λ2,0(Slλ1,0+Θ0λ2,0)σ2
Θ)2

2aΘλ4
1,0σ

4
S
σ2

Θ+λ2
1,0λ

2
2,0σ

2
S
σ4

Θ .

In consideration of the updating rules in (25), (26) and (27), when an agent is met
at time t, the filtered fundamental and the filtered noisy supply experience a jump
whose size is respectively given by

∆Π̂l
t ≡ Π̂l

t− Π̂l
t− =

S̄lm,t − Π̂l
t−

σ2
S/mt

olt
(
nlt
)

and ∆Θ̂l
t ≡ Θ̂l

t− Θ̂l
t− = −λ1,t

λ2,t

S̄lm,t − Π̂l
t−

σ2
S/mt

olt
(
nlt
)
.

(28)
Likewise, the variance of posteriors experiences a jump of size

∆olt ≡ olt
(
nlt
)
− olt

(
nlt−

)
= − 1

σ2
S

olt
(
nlt
)
olt
(
nlt−

)
mt.

Moreover, the respective filters of Π, a constant, and (eaΘtΘt)t≥0, a martingale, need to
be martingales. Hence, I need to compensate their jump size adequately so as to enforce
their martingality. To do so, I have to pin down the distribution of the jump size in
posteriors or, equivalently, the distribution of Z l

m,t ≡
S̄lm,t−Π̂lt−
σ2
S/mt

olt
(
nlt
)
. Let νlt(m; dt; dZ)

denote the required density. Moreover, notice that the probability of meeting someone
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in the time interval [t, t+ dt) is P[N l
t+dt −N l

t = 1] = ηtdt and the probability of getting
m incremental signals given nlt− currently held and conditional on meeting someone in
[t, t+ dt) is

P[mt = m|N l
t+dt −N l

t = 1, nlt− ] = µAt (m)
qAt

1{nlt−∈A;m∈A} + µBt (m)
qBt

1{nlt−∈B;m∈B}.

Hence, the probability of getting m signals in [t, t+ dt) given nlt− is

P[{mt = m}∩{N l
t+dt−N l

t = 1}|nlt− ] = η
(
µAt (m)1{nlt−∈A;m∈A} + µBt (m)1{nlt−∈B;m∈B}

)
dt

and the distribution νlt(·) satisfies

νlt(m; dt; dZ) = P[{mt = m} ∩ {N l
t+dt −N l

t = 1}|nlt− ]× P[Z l
m,t ∈ dZ|F lt− ,mt] (29)

= η
(
µAt (m)1{nlt−∈A;m∈A} + µBt (m)1{nlt−∈B;m∈B}

)
dt

×N
(

0, mtσ
2
S(oct)2

(σ2
S + nlt−o

c
t)(σ2

S + nlto
c
t)

)
dZ

where the last expression follows from that

E
[
Z l
m,t|F lt− ,mt

]
= mto

l
t(nlt)
σ2
S

E

Π + 1
mt

mt∑
j=1

εj − Π̂l
t−

∣∣∣∣∣∣F lt− ,mt

 = 0

and

V
[
Z l
m,t|F lt− ,mt

]
= m2

t (olt(nlt))2

σ4
S

V

Π + 1
mt

mt∑
j=1

εj

∣∣∣∣∣∣F lt− ,mt

 = m2
t (olt(nlt))2

σ4
S

(olt(nlt−) + σ2
S

mt

).

Since the expected jump size is null, the compensation is null and the filtered dynamics
in (10) and the variance dynamics

dolt(nlt) = −k2
t (olt(nlt−))2dt− 1

σ2
S

olt(nlt)olt(nlt−)mtdN l
t

immediately follow by putting together (22) and the jump sizes in (28).
Finally, letting Kc

t ≡ 1
oct
, I can write dK l

t

(
nlt
)

= dKc
t + mt

σ2
S
dN l

t and obtain the explicit
relation

K l
t

(
nlt
)

= K l
0 +Kc

t +
∫ t

0

ms

σ2
S

dN l
s = Kc

t + nlt
σ2
S

where Kc
t satisfies dKc

t = k2
t dt. This yields the expression for olt

(
nlt
)
in (12). �
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C Proof of Proposition 4

In this appendix, I turn to agents i and l’s optimization problem. Following the
notations of He and Wang (1995), I denote by Q the excess return on the price. The
latter satisfies

dQt = dPt − rPtdt+ 1{t=T}∆PT . (30)

Accordingly, agent l who currently holds nlt− signals chooses a portfolio strategy θlt− ≡
θl(Ψl

t− , n
l
t− , t) with Ψl to be shortly described in order to maximize

sup
θl
E
[
−e−γW l

T

∣∣∣F lt−] s.t. dW l
t = rW l

tdt+ θlt−dQt (31)

while agent i chooses a portfolio strategy θit ≡ θi(Ψt, t) in order to maximize

sup
θi
E
[
−e−γW i

T

∣∣∣F it ] s.t. dW i
t = rW i

tdt+ θitdQt. (32)

I first solve the problems in (31) and (32) over [0, T ) and then solve the ones prevailing
at the horizon date which, in turn, will provide boundary conditions. In doing so, I
need to determine the state variables relevant to (31) and (32): due to the CARA form
of utility, W will act as a trivial state variable. Besides t whose dependence is triggered
by T <∞, the other relevant state variables, Ψ, appear to be the ones driving Q.

I proceed first with (31) and, then, obtain the solution to (32) as the special case
when nl →∞: notice that, because r = 0, Qt = E[Pt| F lt ] = λ1,tΠ̂l

t+λ2,tΘ̂l
t+(1−λ1,t)Π̂c

t .
The dynamics of Π̂l

t and Θ̂l
t being obtained from (10), I just need to derive the dynamics

of Π̂c
t with respect to F lt− : substitutions between the two Brownians in (21) and (23)

lead to

dB̂c
t = dB̂l

t + 1
λ2,tσΘ

(λ′1,t(Π̂l
t− − Π̂c

t) + (λ′2,t − aΘλ2,t)(Θ̂l
t− − Θ̂c

t))dt.

Using the equivalence relations between Θ̂c
t and Θ̂l

t, this change of measure is written as

dB̂c
t = dB̂l

t + 1
λ2

2,tσΘ
(λ′1,tλ2,t − λ1,t(λ′2,t − aΘλ2,t))(Π̂l

t− − Π̂c
t)dt (33)

= dB̂l
t + kt(Π̂l

t− − Π̂c
t)dt

with the associated Radon-Nikodym derivative

dP̂c

dP̂l

∣∣∣∣∣
F lt

= e−
1
2

∫ t
0 (ks(Π̂ls−−Π̂cs))2ds+

∫ t
0 ks(Π̂

l
s−−Π̂cs)dB̂cs . (34)

9



I assume that (34) is a martingale (and not only a local martingale) and Girsanov’s
theorem applies. Then Π̂c

t satisfies the following dynamics

dΠ̂c
t = oct

λ4
2,tσ

2
Θ

(λ′1,tλ2,t − λ1,t(λ′2,t − aΘλ2,t))2(Π̂l
t− − Π̂c

t)dt

+ oct
λ2

2,tσΘ
(λ′1,tλ2,t − λ1,t(λ′2,t − aΘλ2,t))dB̂l

t = octk
2
t (Π̂l

t− − Π̂c
t)dt+ octktdB̂l

t

with respect to F lt− . An application of Ito’s lemma then shows

dQt = ((λ′1,t + (1− λ1,t)octk2
t )(Π̂l

t− − Π̂c
t) + (λ′2,t − aΘλ2,t)Θ̂l

t−)dt (35)

+ (λ2,tσΘ + (1− λ1,t)octkt)dB̂l
t.

Inspection of (35) reveals that Ψl
t := (1, Θ̂l

t,∆l
t)> where the first element is introduced

to capture linear dependencies along with some constant and where ∆l
t ≡ Π̂l

t − Π̂c
t

denotes the difference between investors l’s estimate of the stock value and the estimate
solely based on market information. By Ito’s lemma, the latter satisfies

d∆l
t = −octk2

t∆l
t−dt+

(
olt
(
nlt−

)
− oct

)
ktdB̂l

t +
S̄lm,t − Π̂l

t−

σ2
S

olt
(
nlt
)
mtdN l

t .

Moreover, using the expression for Θ̂l
t in (10) in Proposition 3, I get

dΘ̂l
t = −aΘΘ̂l

t−dt+
(
σΘ − olt

(
nlt−

) λ1,t

λ2,t
kt

)
dB̂l

t −
λ1,t

λ2,t

S̄lm,t − Π̂l
t−

σ2
S

olt
(
nlt
)
mtdN l

t .

As a result, the excess return Q and the filtered state variables Ψl
t ≡ E[Ψt|F lt ] follow

the coupled process

dQt = AQ,tΨl
t−dt+BQ,tdB̂l

t + CQ,t
(
Ψl
t− , n

l
t

)
dN l

t

dΨl
t = AΨ,tΨl

t−dt+Bl
Ψ,t

(
nlt−

)
dB̂l

t + C l
Ψ,t

(
Ψl
t− , n

l
t

)
dN l

t

over [0, T ) where

AΨ,t =


0 0 0
0 −aΘ 0
0 0 −k2

t o
c
t

 , Bl
Ψ,t

(
nlt
)

=


0

σΘ − λ1,t
λ2,t

ktσ2
S

Kc
t σ

2
S+nlt(

σ2
S

σ2
SK

c
t+nlt
− 1

Kc
t

)
kt

 ,

and

C l
Ψ,t

(
Ψl
t, n

l
t

)
=
(

0 −λ1,t
λ2,t

1
)> S̄lm,t − Π̂l

t−

σ2
S

olt
(
nlt
)
mt

10



along with

AQ,t = [ 0 λ′2,t − aΘλ2,t λ′1,t + (1− λ1,t)octk2
t ], BQ,t = λ2,tσΘ + (1− λ1,t)octkt

(36)
and CQ,t = 0. As expected, the excess return does not jump, expect, perhaps, at the
horizon date T when the stock pays out.

Finally, notice that Ψl
t does not constitute a sufficient statistic for (31) because,

unlike He and Wang (1995), the variance ol is not a sole function of time. Instead, ol

jumps at random times and one needs to include it as an additional state variable. In
that respect, the relation between oct and olt

(
nlt
)
described in Proposition 3 implies

that one may choose to keep track either of nlt or olt. Accordingly, I let the state
variables for (31) be (W l,Ψl, nl, t) and let the associated value function J l be of the
form J l(W l,Ψl, nl, t). Using these, I can write the Hamilton-Jacobi-Bellman (HJB)
equation associated with (31). By the standard martingale argument, it satisfies

0 = sup
θlt−

{
J lWAQ,tΨl

t−θ
l
t− + 1

2J
l
WWB

2
Q,t(θlt−)2 +BQ,t(Bl

Ψ,t(nlt−))>J lWΨθ
l
t−

}

+ J lt + (J lΨ)>AΨ,tΨl
t− + 1

2tr(J
l
ΨΨB

l
Ψ,t(nlt−)(Bl

Ψ,t(nlt−))>)

+ Eνlt [J l(W l
t ,Ψl

t− + C l
Ψ,t

(
Ψl
t− , n

l
t

)
, nlt− +mt, t)− J l(W l

t ,Ψl
t− , n

l
t− , t)]

with terminal boundary condition J l(W l,Ψl, nl, T ) = −e−γW l
T and where tr(·) denotes

the trace operator. The first-order condition reads

J lWAQ,tΨl
t− + J lWWB

2
Q,tθ

l
t− +BQ,t(Bl

Ψ,t(nlt−))>J lWΨ = 0 (37)

and the second-order condition for optimality is J lWW < 0. Substituting the first-order
condition into the HJB equation, I obtain the following PDE

J lt + (J lΨ)>AΨ,tΨl
t− + 1

2tr(J
l
ΨΨB

l
Ψ,t(nlt−)(Bl

Ψ,t(nlt−))>) (38)

+ Eνlt [J l(W l
t ,Ψl

t− + C l
Ψ,t

(
Ψl
t− , n

l
t

)
, nlt− +mt, t)− J l(W l

t ,Ψl
t− , n

l
t− , t)]

− 1
2

(J lWAQ,tΨl
t− +BQ,t(Bl

Ψ,t(nlt−))>J lWΨ)2

J lWWB
2
Q,t

= 0.

To solve (38), I make the following observation: if my setting were absent of social
relations, Ψl would follow a bi-dimensional OU process and the setting would be affine
quadratic. As shown in Cheng and Scaillet (2007), I could then conjecture that

J l(W l,Ψl, nl, t) = − exp
(
−γW l − 1

2(Ψl)>M l
t(nl)Ψl

)
(39)
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where M l
t(nl) is a (3 × 3)−symmetric matrix of coefficients to be determined and

that satisfies boundary conditions pinned down by the problem to be solved at the
horizon date. Yet, due to social interactions, learning is not purely Brownian and the
combination of the jump in posteriors along with the quadratic form of (39) make
the setup not LQJD (Linear-Quadratic-Jump-Diffusion) but QJD. Hence, unlike the
setting of Cheng and Scaillet (2007) or Piazzesi (2005), for instance, the quadratic state
variables jump along with the affine ones and the jump size in (38) is of the form

Eνlt [J l(W l,Ψl
t− + C l

Ψ,t

(
Ψl
t− , n

l
t

)
, nlt− +mt, t)− J l(W l

t ,Ψl
t− , n

l
t− , t)] = (40)

J l(W l,Ψl
t− , n

l
t− , t)×

Eνlt

exp

−
1
2



(
C l

Ψ,t

(
Ψl
t− , n

l
t

))>
M l

t(nlt)C l
Ψ,t

(
Ψl
t− , n

l
t

)
+(Ψl

t−)>(M l
t(nlt)−M l

t(nlt−))Ψl
t−

+(Ψl
t−)>M l

t(nlt)C l
Ψ,t

(
Ψl
t− , n

l
t

)
+
(
C l

Ψ,t

(
Ψl
t− , n

l
t

))>
M l

t(nlt)Ψl
t−



− 1

 .

In this context, Chen, Filipovic, and Poor (2004) have shown that the exponential
quadratic ansatz in (39) for the value function fails to hold. Instead, for (39) to hold
and in the spirit of the approximation considered in Duffie, Gârleanu, and Pedersen
(2007) and Vayanos and Weill (2008), I linearize the jump size in (40) by means of a
first-order Taylor approximation of the latter around zero:

Eνlt [J l(W l,Ψl
t− + C l

Ψ,t

(
Ψl
t− , n

l
t

)
, nlt− +mt, t)− J l(W l

t ,Ψl
t− , n

l
t− , t)]

≈ −1
2

(∫
N∗×R

(
C l

Ψ,t

(
Ψl
t− , n

l
t− +m

))>
M l

t(nlt− +m)C l
Ψ,t

(
Ψl
t− , n

l
t− +m

)
νlt(m; dt; dZ)

)
−1

2

(∫
N∗×R

(
C l

Ψ,t(Ψl
t− , n

l
t− +m)

)>
M l

t(nlt− +m)νlt(m; dt; dZ)
)

Ψl
t−

−1
2(Ψl

t−)>
(∫

N∗×R
M l

t(nlt− +m)C l
Ψ,t(Ψl

t− , n
l
t− +m)νlt(m; dt; dZ)

)
−1

2(Ψl
t−)>

(∫
N∗×R

(
M l

t(nlt− +m)−M l
t(nlt−)

)
νlt(m; dt; dZ)

)
Ψl
t−

≡ −1
2

(
φl0,t−(M l) +

(
φl1,t−(M l)

)>
Ψl
t− + (Ψl

t−)>φl1,t−(M l) + (Ψl
t−)>φl2,t−(M l)Ψl

t−

)
.

This allows to make the setting LQJD and to preserve its tractablity. An upper bound
on the error induced by the linearization is provided in Appendix D. Further substituting

12



the ansatz in (38), I obtain the following matrix differential equation

Ṁ l
t(nlt−) = −ηφl2,t−(M l)− diag(φl1,t−(M l))I(3)

(1:3,1) − I
(3)
(1,1:3)diag(φl1,t−(M l)) (41)

M l
t(nlt−)

(
Bl

Ψ,t(nlt−)AQ,t
BQ,t

− AΨ,t

)
+
(
Bl

Ψ,t(nlt−)AQ,t
BQ,t

− AΨ,t

)>
M l

t(nlt−)

−
A>Q,tAQ,t

(BQ,t)2 −
(
tr
(
M l

t(nlt−)Bl
Ψ,t(nlt−)(Bl

Ψ,t(nlt−))>
)

+ ηφl0,t−(M l)
)
I

(3)
11

where I(N)
i,j is a N ×N−index matrix with its elements being zero except elements (i, j)

being 1.
Since, as per (29), the expected jump size is null, it is immediate that

φl1,t(M l) = [ 0 0 0 ]> ∀l ∈ I2. (42)

To determine the coefficients φl0,t and φl2,t, I denote by cΨ,t ≡
[

0 −λ1,t
λ2,t

1
]>

the jump
scale in such a way that C l

Ψ = cΨZ
l. I then integrate over the different realizations of

the incremental number mt of signals: clearly, since agents only meet others within
their own network, φ’s need to be network-specific. This yields

φl0,t−(M l) =



∑
m∈A µ

A
t (m)c>Ψ,tM l

t(nlt− +m)cΨ,t
mσ2

S

(σ2
SK

c
t+nlt− )(σ2

SK
c
t+nlt−+m) if nlt− ∈ A∑

m∈B µ
B
t (m)c>Ψ,t

×

 1{nlt−+m∈A∪B}

(
M l

t(nlt− +m)cΨ,t
mσ2

S

(σ2
SK

c
t+nlt− )(σ2

SK
c
t+nlt−+m)

)
+1{nlt−+m/∈A∪B}

(
M i

t cΨ,t
σ2
S

σ2
SK

c
t+nlt−

)
 if nlt− ∈ B

and

φl2,t−(M l) =



∑
m∈A µ

A
t (m)

(
M l

t(nlt− +m)−M l
t(nlt−)

)
if nlt− ∈ A∑

m∈B µ
B
t (m) 1{nlt−+m∈A∪B}

(
M l

t(nlt− +m)−M l
t(nlt−)

)
+1{nlt−+m/∈A∪B}

(
M i

t −M l
t(nlt−)

)
 if nlt− ∈ B

The solution to agents i’s problem is directly obtained as a particular case when
nl →∞: the HJB equation for (32) is

0 = sup
θit

{
J iWAQ,tΨtθ

i
t + 1

2J
i
WWB

2
Q,t(θit)2 +BQ,t(Bi

Ψ,t)>J iWΨθ
i
t

}
(43)

+ J it + (J iΨ)>AΨ,tΨt + 1
2tr(J

i
ΨΨB

i
Ψ,t(Bi

Ψ,t)>)

13



with J i(W i,Ψ, T ) = −e−γW i
T and Ψt = (1,Π − Π̂c

t ,Θt)> and Bi
Ψ,t = limnl→∞B

l
Ψ,t(nl).

After substitution of the first-order condition and using the conjecture J i(W i,Ψ, t) =
−e−γW i− 1

2 (Ψ)>M i
tΨ, which, in this case, is exact, I obtain

Ṁ i
t = M i

t

(
Bi

Ψ,tAQ,t

BQ,t

− AΨ,t

)
+
(
Bi

Ψ,tAQ,t

BQ,t

− AΨ,t

)>
M i

t (44)

−
A>Q,tAQ,t

(BQ,t)2 − tr
(
M i

tB
i
Ψ,t(Bi

Ψ,t)>
)
I

(3)
11 .

I can go one step further and simplify the matrix differential equations above: first,
considering (41) and (42) and (44) along with the terminal condition M j,(1,2)(T ) =
M j,(1,3)(T ) = 0 for j = l, i which follows from (52) below and since the differential
equations for M j,(1,2) and M j,(1,3) have no generator term, M l

t(nlt) is of the form

M l
t(nlt) =


M

l,(1,1)
t (nlt) 0 0

0 M
l,(2,2)
t (nlt) M

l,(2,3)
t (nlt)

0 M
l,(2,3)
t (nlt) M

l,(3,3)
t (nlt)

 (45)

where M i
t follows from nl →∞. (45) implies that (41) and (44) may be decoupled from

M
l,(1,1)
t (nlt) and M i,(1,1)

t : I shall redefine c?Ψ,t ≡
[
−λ1,t
λ2,t

1
]>

and

A?Ψ,t =
 −aΘ 0

0 −octk2
t

 , B?,l
Ψ,t(nlt) =

 σΘ − λ1,t
λ2,t

ktσ2
S

σ2
SK

c
t+nlt

( σ2
S

σ2
SK

c
t+nlt
− 1

Kc
t
)kt

 , (46)

A?Q,t =
 λ′2,t − aΘλ2,t

λ′1,t + (1− λ1,t) k
2
t

Kc
t

> , B?,i
Ψ,t =

 σΘ

−octkt


along with matrices M?,l and M?,i whose dependence on φ?,l2 ≡ φl2(M?,l) is emphasized

M?,l
t (nlt, φ

?,l
2,t) =

 M
l,(2,2)
t (nlt, φ

?,l
2,t) M

l,(2,3)
t (nlt, φ

?,l
2,t)

M
l,(2,3)
t (nlt, φ

?,l
2,t) M

l,(3,3)
t (nlt, φ

?,l
2,t)

 and M?,i
t =

 M
i,(2,2)
t M

i,(2,3)
t

M
i,(2,3)
t M

i,(3,3)
t

 .
Then, reorganizing (41) and (44) respectively yields

Ṁ?,l
t (nlt− , φ

?,l
2,t−) = −ηφ?,l2,t− +M?,l

t (nlt− , φ
?,l
2,t−)

B?,l
Ψ,t(nlt−)A?Q,t
BQ,t

− A?Ψ,t

 (47)

+
B?,l

Ψ,t(nlt−)A?Q,t
BQ,t

− A?Ψ,t

>M?,l
t (nlt− , φ

?,l
2,t−)−

(A?Q,t)>A?Q,t
(BQ,t)2 ,
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Ṁ?,i
t = M?,i

t

B?,i
Ψ,tA

?
Q,t

BQ,t

− A?Ψ,t

+
B?,i

Ψ,tA
?
Q,t

BQ,t

− A?Ψ,t

>M?,i
t −

(A?Q,t)>A?Q,t
(BQ,t)2 . (48)

Substituting (39) into (37) and the ansatz for agents i into the first-order condition
in (43) yields

θlt ≡ θl(Θ̂l
t− , Π̂

l
t−−Π̂c

t , n
l
t− , t) =

A?Q,t −BQ,t(B?,l
Ψ,t(nlt−))>M?,l

t (nlt− , φ
?,l
2,t−)

γB2
Q,t

 Θ̂l
t−

Π̂l
t− − Π̂c

t


and

θit ≡ θi(Θt,Π− Π̂c
t , t) =

A?Q,t −BQ,t(B?,i
Ψ,t)>M

?,i
t

γB2
Q,t

 Θt

Π− Π̂c
t

 ,
delivering the respective optimal portfolio choices in (13) and (14) in Proposition 4.

Boundary conditions to (48) and (47) are provided by agents’ optimization problem
at the very last round of trading. Here, I need to take care of the jump in (30):

J l(W l
T− ,Ψ

l
T− , n

l
T , T ) = sup

θlT−

E
[
−e−γW

l
T−
−γθlT−∆PT

∣∣∣∣F lT−] (49)

= sup
θlT−

−e
−γW l

T−
−γθlT−E

[
∆PT |F lT−

]
+ 1

2γ
2
(
θlT−

)2
V

[
∆PT |F lT−

]

where I used the Laplace transform of a normal random variable. Solving for the
first-order condition yields the optimal portfolio

θlT− =
E
[
∆PT | F lT−

]
γV

[
∆PT | F lT−

] . (50)

Using that ∆PT = Π + δ − PT− = (δ + (1− λ1,T−)(Π− Π̂c
T−)− λ2,T−ΘT ), I obtain, for

agents l and i,

θlT− =
(1−λ1,T− )(Π̂lT−−Π̂cT− )−λ2,T− Θ̂lT−

γ(olT− (nlT )+σ2
δ
) , θiT− =

(1−λ1,T− )(Π−Π̂cT− )−λ2,T−ΘT
γσ2
δ

. (51)

Substituting (51) into the terminal value function in (49), I get

J l(W l
T− ,Ψ

l
T− , n

l
T , T ) = exp

−γW l
T− −

1
2

(
(1− λ1,T−)(Π̂l

T− − Π̂c
T−)− λ2,T−Θ̂l

T−

)2

olT−(nlT ) + σ2
δ


(52)

for agents l. Similarly, I obtain J i(W i
T− ,Ψ, T ) = e

−γW i
T−
− 1

2

(
(1−λ1,T− )(Π−Π̂c

T−
)−λ2,T−ΘT

)2

σ2
δ for
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agents i. But given the shape of the value function conjecture in (39), the boundary
conditions are

M?,l
T−(nlT ) = 1

olT−(nlT ) + σ2
δ

 λ2
2,T− −λ2,T−(1− λ1,T−)

−λ2,T−(1− λ1,T−) (1− λ1,T−)2

 (53)

and

M?,i
T− = 1

σ2
δ

 λ2
2,T− −λ2,T−(1− λ1,T−)

−λ2,T−(1− λ1,T−) (1− λ1,T−)2

 . (54)

Notice that these boundary conditions are given in terms of the terminal price coefficients
λ1,T− and λ2,T− . The boundary conditions for these will be derived in Appendix E. �

D On the Approximation Error

In this appendix, I derive the dual counterpart to the primal problem in (31): I use
the dual formulation to obtain a probabilistic characterization to the first-order Taylor
approximation used in Proposition 4. Then, I use the dual approach along the lines
of Haugh, Kogan, and Wang (2006) to provide an upper bound on the approximation
error taking prices as given.

The primal problem in (31) may be alternatively written as

sup
θl
E
[
−e−γW

l
T−

+A
∣∣∣∣F lt−] s.t. dWt = θt−dPt = θt−(AQ,tΨl

t−dt+BQ,tdB̂l
t) (55)

where A is a FT−−measurable random variable given in (52). I denote by (θ?t )t≥0 the
optimal portfolio strategy associated with (55) and by V ?

t the value function associated
with (55) and evaluated at the optimal strategy (θ?t )t≥0. Also, I denote by (θ̃t)t≥0 the
portfolio strategy in (13) which is associated with the value function Ṽt whose jump has
been linearized. Clearly, because the policy (θ̃t)t≥0 is suboptimal, it is immediate that

Ṽt ≤ V ?
t , ∀t ∈ [0, T ). (56)

That is, the approximated value function Ṽt provides a lower bound to the optimal
value function V ?

t . To get a sense of what V ?
t and, thereby, the magnitude of the

approximation error may be, it is necessary to include an upper bound on V ?
t as well.

The latter is provided by duality theory: consider a fictitious market which is comprised
of the original risky stock with equilibrium price P and dynamics

dPt = σt(κtdt+ dB̂l
t)
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where κt ≡ µt
σt

denotes its market price of risk. Furthermore, I introduce a market
completion in the form of a fictitious asset with price S and dynamics

dSt = dN l
t − gtdt.

An agent facing such a market builds a portfolio strategy (θ, ψ) where θ and ψ denote
the fractions invested in P and S, respectively. Her wealth therefore evolves according
to

dWt = θt−dPt + ψt−dSt = θt−σt(κtdt+ dB̂l
t) + ψt−(dN l

t − gtdt). (57)

The dual state variable H ∈ K to (57), or equivalently its Lagrange multiplier, is
assumed to satisfy

dHt = βtHt−dB̂l
t + δtHt−dM l

t (58)

where M l
t = N l

t −
∫ t

0 ηsds is a P̂l−martingale and K is assumed to be as follows.

Assumption 1. The space K is such that (β, δ) ∈ R× (−1,+∞) are square integrable
and predictable processes satisfying the conditions

∫ t

0
β2
sds <∞,

∫ t

0
δsηsds <∞ ∀t ∈ [0, T ) and such that Ht > 0, E[Ht] = 1,

HtWt a local martingale ∀t ∈ [0, T ) and E[HT (log(HT )− A)] <∞.

The dual state variable in (58) is assumed to take an exponential martingale form
to enforce its positivity. Furthermore, an application of Ito’s lemma yields

dHtWt = Ht−θt−σt(κt + βt)dt+Ht−(θtσt +Wt−βt)dB̂l
t

+ (ψt−(1 + δt) + δtWt−)Ht−dN l
t − (ψt−gt +Wt−δtηt)Ht−dt.

Since, from Assumption 1, (HtWt)t≥0 is restricted to be a local martingale, it must be
that βt = −κt and (N l

t)t≥0 should be appropriately compensated, i.e.

ψtgt +Wtδtηt = ηt(ψt(1 + δt) + δtWt)

and thus δt = gt
ηt
− 1. Therefore, any candidate dual state variable H for the above

fictitious market takes the following form

HT = e−
1
2

∫ T
0 κ2

sds−
∫ T

0 κsdB̂lte
∫ T

0 (ηs−gs)ds
∏

0≤s≤t

(
1 +

(
gs
ηs
− 1

)
∆N l

s

)

= E
(
−κB̂l +

(
g

η
− 1

)
M l

)
T

17



where E(·) denotes the Doléans-Dade exponential. The remaining conditions in As-
sumption 1 are imposed so that H defines a proper change of measure and such that
the dual problem is well-defined. The optimization problem faced by an agent in the
fictitious market is then given by

V
(g)
t ≡ sup

(θ,ψ)
E
[
−e−γW

θ,ψ
T−

(g)+A
]

(59)

s.t. dW θ,ψ
t (g) = θt−dPt + ψt−dS

(g)
t

s.t. ψ?t (g) = 0 ∀t ∈ [0, T ).

That is, at the optimum, g? is such that an agent finds it optimal not to invest in the
fictitious asset. The portfolio strategies associated with the fictitious problem in (59)
may be obtained as follows: by the martingale representation theorem, the discounted
wealth may be written as

HtW
θ,ψ
t = W0 +

∫ t

0
ϕsdB̂l

s +
∫ t

0
φsdM l

s

= W0 +
∫ t

0
Hs(θsσs −W θ,ψ

s κs)dB̂l
s +

∫ t

0
Hs

(
ψs
gs
ηs

+W θ,ψ
s

(
gs
ηs
− 1

))
dM l

s

where (ϕ, φ) are predictable processes. Accordingly, for any arbitrary dual candidate
H(g), the portfolio strategy is

θ
(g)
t = (σt)−1(ϕ(g)

t

(
H

(g)
t

)−1
+κtW (g)

t ) and ψ(g)
t =

(
gt
ηt

)−1 (
φ

(g)
t

(
H

(g)
t

)−1
+
(

1− gt
ηt

)
W

(g)
t

)
.

(60)
Also, for any arbitrary candidate H(g), I can write the optimization problem in a static
form à la Cox-Huang as

sup
W

(g)
T

E0

[
−e−γW

(g)
T−

+A
]
s.t. E0

[
H

(g)
T W

(g)
T

]
≤ W0. (61)

Solving the associated Lagrangian, the value function V (g) for any H(g) may be written
as

V
(g)

0 = −e−γW0−E0[H(g)
T−

(log(H(g)
T−

)−A)]
. (62)

Since W (g)
t ≥ W ?

t , (62) constitutes an upper bound to V ?
t , i.e. V ?

t ≤ V
(g)
t ∀t ∈ [0, T ),

and is expected to be strictly equal to it at the optimum V ?
t = infH V (g)

t . Hence, taking
into account (56), V ?

t is bounded by

Ṽt ∀(θ̃t)t≥0 given ≤ V ?
t ≤ V

(g)
t ∀g > 0 given
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and, thus, the approximation error is bounded by

0 ≤
∣∣∣V ?
t − Ṽt

∣∣∣ ≤ ∣∣∣V (g)
t − Ṽt

∣∣∣
for given prices. The upper bound in (62) requires the computation of
E0[H(g)

T (log(H(g)
T ) − A)]: since H ∈ K, H represents a change of measure and I can

accordingly define the following Radon-Nikodym derivative

dP̃l

dP̂l

∣∣∣∣∣
F lt

= Ht. (63)

By Girsanov’s theorem, this change of measure implies that B̃l
t = B̂l

t +
∫ t
0 κsds is a

P̃l−Brownian motion and

M̃ l
t = M l

t −
∫ t

0
(gs − ηs)ds

is a P̃l−martingale and (Ñ l
t)t≥0 is a P̃l−Poisson process with intensity gt. Hence,

E0[H(g)
T (log(H(g)

T )− A)] = Ẽ0[log(H(g)
T )]− Ẽ0[A].

Moreover, applying the change of measure in (63) and Ito’s lemma shows that

d log(H(g)
t ) = 1

2κ
2
tdt− κtdB̃l

t − ηt
(
gt
ηt
− 1

)
dt+ log

(
gt
ηt

)
dÑ l

t

such that

Ẽ0[log(H(g)
T )] = 1

2Ẽ0

[∫ T

0
κ2
sdt
]

+ Ẽ0

[∫ T

0

(
log

(
gt
ηt

)
gt − gt + ηt

)
dt
]
.

To actually compute an upper bound, I further need to pick a particular g: one such
choice includes g = η as a natural candidate for reasons that will become clear shortly.
With this candidate at hand, the dual state variable H(η)

t = E(−κB̂l)t does not jump
and the upper bound reduces to

V
(η)

0 = −e−γW0−Ẽ0[ 1
2

∫ T
0 κ2

sds−A] ≡ −e−γW0− 1
2f(Ψl,n,0).

Recalling that the market price of risk is given by κt = AQ,tΨlt
BQ,t

and that the change of
measure in (63) implies that (Ψl)t≥0 still evolves as an OU process under P̃l

dΨl
t =

(
AΨ,t −BΨ,t

AQ,t
BQ,t

)
Ψl
t−dt+BΨ,tdB̃l

t + CΨ,tdN l
t
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where the particular choice of g = η implies that (N l
t)t≥0 is the same Poisson process

under both measures, I can write the following PDE for the function f

0 =
(
AQ,tΨl

t

BQ,t

)2

+ ft + (fΨ)>
(
AΨ,t −BΨ,t

AQ,t
BQ,t

)
Ψl
t + 1

2tr
(
JΨΨBΨ,tB

>
Ψ,t

)
+ Eν

[
f(Ψl

t− + CΨ,t, n+m, t)− f(Ψl
t− , n, t)

]
with boudary condition f(Ψl, n, T ) = A. Given that (Ψl)t≥0 follows a Gaussian process
under P̃l and that f is quadratic, one may conjecture that f(Ψl, n, t) ≡ (Ψl)>Rt(n)Ψl

and substitution of this conjecture into the above PDE after separation of variables
yields (41) and inspection of A, implies that Rt(n) = Mt(n), or

V
(η)
t = −e−γWt− 1

2 (Ψlt)>Mt(n)Ψlt

which is nothing but the conjecture in (39). One may then obtain the unconditional
upper bound at time 0, by integrating out the vector Ψl

0. To that purpose, one should
notice that the latter is distributed as Ψl

0 ∼ N (0,Σ0) with

Σ0 =

 σ2
Θ

2aΘ
−
(
λ1,0
λ2,0

)2 σ4
Π

σ2
Π+σ2

S

λ1,0
λ2,0

σ4
Π

σ2
Π+σ2

S
λ1,0
λ2,0

σ4
Π

σ2
Π+σ2

S

σ2
Πσ

2
S

σ2
Π+σ2

S

 .
Therefore,

EΨl0
[
V

(η)
0

]
= −e−γW0− 1

2M
l,(1,1)
0 (1)

∫
R2
e
− 1

2

(
Ψ(?,l)

0

)>
M?,l

0 (1)Ψ(?,l)
0 dΦ

(
Ψ(?,l)

0

)
= −e−γW0− 1

2M
l,(1,1)
0 (1)

∣∣∣I + Σ0M
?,l
0 (1)

∣∣∣− 1
2

where the second equality follows from completing the square in the bivariate normal
distribution. Given this explicit form for the upper bound, a probabilistic interpretation
to the linearization is obtained by inspection of the portfolio strategy implied by g = η:
the static problem in (61) induces the first-order condition U ′(WT ) = λt

H
(η)
T

H
(η)
t

where λt
denotes the Lagrange multiplier of the static constraint at time t. Furthermore, the
envelope theorem implies that ∂V

(η)
t

∂Wt
= λt. Thus, H

(η)
T

H
(η)
t

= U ′(WT )
(
∂V

(η)
t

∂Wt

)−1
and, as a

result, H
(η)
s

H
(η)
t

= ∂V
(η)
s

∂Ws
/
∂V

(η)
t

∂Wt
∀s ≥ t, which finally implies that d log(H(η)

t ) = d log
(
∂V

(η)
t

∂Wt

)
.

Matching the diffusion terms yields

θ
(η)
t = −(σt)−1

(
∂2Vt
∂W 2

t

)−1
 ∂Vt
∂Wt

κt +
(

∂2Vt
∂Wt∂Ψl

t

)>
BΨ,t

 ,
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which, after substitution of the explicit upper bound V (η)
t , needless to say, yields the

portfolio policy in (13). Further matching the jump terms yields

0 = log
(
V

(η)
t (Wt− + ψt,Ψl

t− + CΨ,t)
)
− log

(
V

(η)
t (Wt− ,Ψl

t−)
)
.

Substituting the explicit form and using the portfolio policy in (60) shows that

ψ
(η)
t ≡ φ

(η)
t

(
H

(η)
t

)−1
= − 1

2γ

((
Ψl
t− + CΨ,t

)>
Mt(n+m)

(
Ψl
t− + CΨ,t

)
−
(
Ψl
t−

)>
Mt(n)Ψl

t−

)
.

Hence, the approximate policy (θ̃t)t≥0 boils down to pick the strategy (θ(η)
t )t≥0 and

make it an optimal one by setting ψ(η)
t ≈ 0 since, as per the fictitious problem in (59),

an optimal strategy must be so that ψt = 0. Alternatively, the Taylor approximation of
the jump size tantamount to set the loading φt on the Poissonian risk in the martingale
representation of the discounted wealth to zero.

I finally compute the value function Ṽt associated with the approximate strategy
(θ(η)
t )t≥0 and ψt = 0. Since the approximate wealth satisfies

W̃T = W0 +
∫ T

0
θ(η)
s dPs = W

(η)
T −

∫ T

0
ψsdS(η)

s ,

it remains to compute

Ṽ0 = E0

[
−e
−γ
(
W0+

∫ T
0 θ

(η)
s σs(κsds+dB̂ls)

)
+A
]
.

I introduce the following change of measure

dP̄l

dP̂l

∣∣∣∣∣
F lt

= e
−γ
∫ T

0 θ
(η)
s σsdB̂ls− 1

2γ
2
∫ T

0

(
θ
(η)
s σs

)2
ds (64)

such that

Ṽ0 = −e−γW0Ē0

[
e
−γ
∫ T

0 θ
(η)
s σs

(
κs− 1

2γθ
(η)
s σs

)
ds+A

]
≡ −e−γW0h(Ψl, n, 0).

Recalling that θ(η)
t = AQ,t−BQ,tB>Ψ,tM

l
t(n)

γBQ,t
Ψl
t, I can write, after simplifications,

h(Ψl, n, 0) = Ē0

e− 1
2

∫ T
0 (Ψlt)>

A>
Q,t

AQ,t−B
2
Q,t

Ml
t(n)BΨ,tB

>
Ψ,tM

l
t(n)

B2
Q,t

Ψltdt+A
 . (65)

The computation of the function h(·) is generally complicated precisely because it
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involves a quadratic jump. Therefore, for the purpose of computing the lower bound,
I resort to Monte Carlo Simulations. I simulate the dynamics of Ψl under P̄l using a
standard Euler scheme. Given the change of measure in (64), B̄l

t = B̂l + γ
∫ t

0 θ
(λ)
s σsds is

a P̄l−Brownian motion by Girsanov’s theorem and Ψl satisfies

dΨl
t =

(
AΨ,t −BΨ,t

AQ,t −BQ,tB
>
Ψ,tM

l
t(n)

BQ,t

)
Ψl
t−dt+BΨ,tdB̄l

t + CΨ,tdN l
t .

I further draw m out of the cross-sectional distribution of types by drawing a uniform
random variable according to U[0,1] and cumulate µt. I then compute the integral in
(65) by means of the trapezoid rule.

E Proof of Proposition 5

In this appendix, I derive the equilibrium equations for the price coefficients λ1 and λ2.
To that purpose, I first observe that, from (13), individual portfolios take the form

θl(Ψl
t, n

l
t, t) = dlΘ,t(nlt)Θ̂l

t + dl∆,t(nlt)∆l
t. (66)

Aggregating the latter over the population of agents first calls for the average beliefs∫
j∈I Π̂j

tdι(j). I recall that, given that ξt ∈ F ct ⊆ F lt , I can write

ξt = λ1,tΠ + λ2,tΘt ≡ λ1,tΠ̂c
t + λ2,tΘ̂c

t ≡ λ1,tΠ̂l
t + λ2,tΘ̂l

t.

It then follows that Θ̂c
t = ξt−λ1,tΠ̂ct

λ2,t
and Θ̂l

t = ξt−λ1,tΠ̂lt
λ2,t

: using these expressions along with
equation (9) for the filter Π̂c

t of Proposition 3, an application of Ito’s lemma delivers

dΠ̂c
t

oct
= ktdB̂c

t + k2
t Π̂c

tdt = ktdB̂l
t + k2

t Π̂l
t−dt (67)

where the second equality follows from the change of measure in (33). Similarly, using
(10), one may write

dΠ̂l
t

olt
= ktdB̂l

t + k2
t Π̂l

t−dt+ S̄lm,t
mt

σ2
S

dN l
t (68)

where the jump size directly follows from (26). Bunching (67) and (68) together, I can
write

d
 Π̂l

t

olt
(
nlt
) − Π̂c

t

oct

 =
S̄lm,t
σ2
S

mtdN l
t .

This equation may then be solved using the initial conditions Π̂c
0 = 0 and oc0 = σ2

Π and
applying the updating rule in (26) to Π̂l

0. Doing so, I obtain the following lemma.
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Lemma 1. A manager l’s expectations Π̂l satisfies

Π̂l
t =

olt
(
nlt
)

oct
Π̂c
t + Π̂l

0
olt
(
nlt
)

ol0(1) +
olt
(
nlt
)

σ2
S

∫ t

0
S̄lm,tmsdN l

s =
olt
(
nlt
)

oct
Π̂c
t +

olt
(
nlt
)

σ2
S

S̄ln,tn
l
t.(69)

taking into account that dnlt = (mt1{mt+nlt−∈A∪B} +∞1{mt+nlt− /∈A∪B})dN
l
t , n

l
0 = 1 when

integrating. Moreover, recalling that olt = octσ
2
S

σ2
S+nltoct

and that the law of large numbers
implies

∫
jt∈I2 S̄

j
n,tdι(jt) = ωtΠ for all n, I finally write the average beliefs as

∫
jt∈I

Π̂j
tdι(jt) =

∫
jt∈I2

ojt
(
nlt
)

oct
Π̂c
t +

ojt
(
nlt
)

σ2
S

S̄jn,tn
l
t

 dι(jt) + (1− ωt)Π (70)

=
∑

n∈A∪B
µt(n)

(
σ2
S

σ2
S + noct

Π̂c
t + octn

σ2
S + noct

Π
)

+ (1− ωt)Π

≡ αtΠ̂c
t + (1− αt)Π

where, similar to He and Wang (1995), αt ≡
∑
n∈A∪B µt(n) σ2

S

σ2
S+noct

and where

µt(n) =

 µAt (n) if n ∈ A
µBt (n) if n ∈ B

.

Equation (70) allows to characterize the impact of percolation on higher-order
beliefs (HOB). Since beliefs of higher order collapse to a linear combination of the
first-order expectations and denoting agent l’s expectation of

∫
jt∈I Π̂j

tdι(jt) by Π̂(l,2)
t ≡

E[
∫
jt∈I Π̂j

tdι(jt)|F lt ], one may readily observe that Π̂(l,2)
t = αtΠ̂c

t + (1− αt)Π̂l
t in such a

way that the second-order expectation writes

Π̂(2)
t ≡

∫
jt∈I

Π̂(j,2)
t dι(jt) = (1− (1− αt)2)Π̂c

t + (1− αt)2Π.

Iterating, the k−th order expectation Π̂(k)
t writes

Π̂(k)
t =

∫
jt∈I

Π̂(j,k)
t dι(jt) = (1− (1− αt)k)Π̂c

t + (1− αt)kΠ.

Observing that the weight αt is increasing in the cross-sectional average number of
signals, and that the latter is roughly increasing like eηt, the following pattern occurs.
Because information percolation produces some inertia in updating initially, HOB play
a stronger role at the beginning of the economy as compared with a setup in which
signals continuously accrue. Yet, after some time, percolation takes off and signals
accrue at a rate beyond that of a continuous flow of signals. This ultimately causes the
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effect of HOB to decrease after some time has elapsed.
This also allows to show how the conjecture for linear prices in Definition 1 obtains.

Following Hong and Wang (2000), the price may be written as

Pt =
∫
jt∈I

E[Ft|F jt ]dι(jt) + λ2,tΘt

with Ft = E
[
e−r(T−t)(Π + δ)

∣∣∣Ft] = Π + δ denoting the expected value of the terminal
dividend under full information Ft discounted at the riskfree rate and where the second
equality follows from r = 0. The term λ2,tΘt represents a discount for inventory risk.
Notice that Θ̂c

t does not appear in the price as ξt implies that

λ1,t(Π− Π̂c
t) = λ2,t(Θt − Θ̂c

t)

since E[ξt|F ct ] = λ1,tΠ̂c
t + λ2,tΘ̂c

t and, given ξt ⊆ F ct , E[ξt|F ct ] = ξt. Putting everything
together and taking into account that all agents have null prior regarding δ, I can write

Pt = (1− αt)Π + αtΠ̂c
t + λ2,tΘt

and the conjecture in (6) follows. This expression should be considered to hold on [0, T )
so as to allow a discontinuity in the stock price at the horizon when it attains the final
payoff Π + δ.

Using (70), I can further compute the average beliefs regarding the supply

∫
jt∈I

Θ̂j
tdι(jt) = λ1,t

λ2,t
Π + Θt −

λ1,t

λ2,t

∫
jt∈I

Π̂j
tdι(jt) = Θt + αt

λ1,t

λ2,t
(Π− Π̂c

t).

Applying the law of large numbers, I then obtain the aggregate demand

∫
jt∈I

θjtdι(jt) =
∑

n∈A∪B
µt(n)


A

(2)
Q −BQD

(2)
l

(n)
γB2

Q

(
Θt + λ1,t

λ2,t

σ2
S

σ2
S+octn

(Π− Π̂c
t)
)

+A
(3)
Q −BQD

(3)
l

(n)
γB2

Q

octn

σ2
S+octn

(Π− Π̂c
t))

 (71)

+ (1− ωt)
A(2)

Q −BQD
(2)
i

γB2
Q

Θt +
A

(3)
Q −BQD

(3)
i

γB2
Q

(Π− Π̂c
t)


where Dj = Bj
ΨM

j(t) for j = l, i. Clearing the markets yields

A
?,(2)
Q − λ1,t

λ2,t
A
?,(1)
Q =

 −λ1,t
λ2,t

γB2
Q +∑

n∈A∪B µt(n)BQ

(
D
?,(2)
l (n)− λ1,t

λ2,t
D
?,(1)
l (n)

)
octn

σ2
S+octn

+(1− ωt)BQ

(
D
?,(2)
i − λ1,t

λ2,t
D
?,(1)
i

)


× 1∑
n∈A∪B µt(n) octn

σ2
S+octn

+ 1− ωt
(72)
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and,

∑
n∈A∪B

µt(n)
A
?,(1)
Q −BQD

?,(1)
l (n)

γB2
Q

+ (1− ωt)
A
?,(1)
Q −BQD

?,(1)
i

γB2
Q

= 1. (73)

These equilibrium equations are obtained from the market-clearing condition∫
jt∈I θ

j
tdι(jt) = Θt and A?Q, A?Ψ and B?,j

Ψ in (46) and (72) follows from (73). Both
equations (72) and (73) determine the equilibrium behavior of λ1,t and λ2,t over [0, T ).
Yet, they lack boundary conditions: at the very date before the economy ends, agents
hold myopic portfolios of the kind in (50). Aggregating these, I obtain

∫
jT∈I

θjT−dι(jT ) =
∫
jT∈I2

Π̂j
T− − PT−

γ(ojT− + σ2
δ )
dι(jT ) + (1− ωT )Π− PT−

γσ2
δ

=
∑

n∈A∪B
µT (n)

σ2
S

σ2
S+ocT−n

Π̂c
T− +

ocT−
n

σ2
S+ocT−n

Π− PT−
γ(olT−(n) + σ2

δ )
+ (1− ωT )Π− PT−

γσ2
δ

= ΘT .

Using that
PT− = λ1,T−Π + (1− λ1,T−)Π̂c

T− + λ2,T−ΘT

and simplifying yields

λ1,T− =
( ∑
n∈A∪B

µT (n)
(ocT−n+ σ2

S)σ2
δ

σ2
So

c
T− + σ2

δ (ocT−n+ σ2
S) + 1− ωT

)−1

(74)

×
( ∑
n∈A∪B

µT (n)
ocT−nσ

2
δ

σ2
So

c
T− + σ2

δ (ocT−n+ σ2
S) + 1− ωT

)

and

λ2,T− = −γσ2
δ

( ∑
n∈A∪B

µT (n)
(ocT−n+ σ2

S)σ2
δ

σ2
So

c
T− + σ2

δ (ocT−n+ σ2
S) + 1− ωT

)−1

. (75)

This provides the two required boundary conditions associated with (72) and (73) and
takes care of the final jump in prices. Indeed, knowing λ1,T− and λ2,T− and, thus, PT− ,
the jump size is then simply obtained as ∆PT = Π + δ − PT− . Substituting (74) and
(75) into (53) and (54) makes all the boundary conditions depending on ocT− which
represents the only unknown terminal condition, hence the shooting method suggested
in the main text in Subsection 3.2.

When solving the equilibrium, one needs to jointly solve the HJB equations in
(47) and (48) in Proposition 4 along with the price equations (72) and (73) and the
equation (12) for the common variance in Proposition 3. The resulting system of
differential equations is not explicit, for the derivatives λ′1,t and λ′2,t appear through the
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coefficient kt. The solving procedure is alleviated if one is able to transform the system
of equations to be solved into an explicit one. As it turns out, a trick which works as a
continuous-time dynamic equivalent of Admati (1985)’s lemma is available: considering
the second equilibrium equation in (73) and observing that the derivatives of λ1,t and
λ2,t are contained in AQ,t, one may spell out the left-hand side of (72) and write

A
?,(2)
Q,t −

λ1,t

λ2,t
A
?,(1)
Q,t = λ′1,t + (1− λ1,t)k2

t o
c
t −

λ1,t

λ2,t
(λ′2,t − aΘλ2,t) (76)

= λ2,tσΘkt + (1− λ1,t)k2
t o
c
t .

Substituting this expression in place of the left-hand side of (72) produces a quadratic
equation in kt. The latter has two real roots, one of which is of the form kt = σΘλ2,t

oct (λ1,t−1) .
This root may be verified, by substitution into the equilibrium equations, to correspond
to the fully-revealing equilibrium. That is, one in which the diffusion of the price Pt is
constantly null over [0, T ) and the price thus reveals Π. As this equilibrium is trivial,
I shall discard it and for obvious reasons only consider the second root. Substituting
the second root allows to make the system of equilibrium equations explicit and to
considerably facilitate the numerical implementation of the equilibrium. �

F Serial Correlation, Trading Strategies, and Mea-
sures of Performance

In this appendix, I compute the different quantities plotted in the results sections.

F.1 Serial Correlation

Integrating the supply in (1) along with common expectations in (9), I can write

Θt = Θ0e
−aΘt + σΘ

∫ t

0
eaΘ(s−t)dBΘ

s , (77)

Π̂c
t = Π

∫ t

0
ocsk

2
se
−
∫ t
s
ocuk

2
ududs+

∫ t

0
ocskse

−
∫ t
s
ocuk

2
ududBΘ

s ≡ E[Π̂c
t |Π]+

∫ t

0
ocskse

−
∫ t
s
ocuk

2
ududBΘ

s

(78)
where I used that Π̂c

0 = 0. Accordingly, Pt may be written as

Pt = λ1,tΠ + λ2,t

(
Θ0e

−aΘt + σΘ

∫ t

0
eaΘ(s−t)dBΘ

s

)
+ (1− λ1,t)

(
Π
∫ t

0
ocsk

2
se
−
∫ t
s
ocuk

2
ududs+

∫ t

0
ocskse

−
∫ t
s
ocuk

2
ududBΘ

s

)
.
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As a result, the price difference ∆Pt := Pt+∆ − Pt over [t, t+ ∆] is given by

∆Pt =

 λ1,t+∆ − λ1,t +
(

(1− λ1,t+∆)e−
∫ t+∆
t

ocuk
2
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0 o
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2
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∫ t+∆
t ocsk

2
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s
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+
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+
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2
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)
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−
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2
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 dBΘ
s
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t
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aΘ(s−(t+∆)) + (1− λ1,t+∆)ocskse−
∫ t+∆
s
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2
udu
)
dBΘ

s

+ (λ2,t+∆e
−aΘ∆ − λ2,t)e−aΘtΘ0.

Similarly, I can compute the price difference ∆Pt−∆ over [t−∆, t] and get

var(∆Pt−∆) = (λ2,te
−aΘ∆ − λ2,t−∆)2e−2aΘ(t−∆) σ

2
Θ

2aΘ
+ λ1,t − λ1,t−∆ +

(
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∫ t
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2
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
2

ds
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t−∆
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∫ t
s
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2
udu
)2

ds, along with

cov(∆Pt+∆,∆Pt−∆) = (λ2,t+∆e
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2aΘ
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+
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where the variance of ∆Pt−∆ and the covariance between ∆Pt−∆ and ∆Pt follow from
Ito isometry. The econometrician then computes the serial correlation of stock returns
by projecting ∆Pt onto ∆Pt−∆. Applying the projection theorem, it follows that

E[∆Pt|∆Pt−∆] = βt(∆)∆Pt−∆

where, as in Wang (1993), βt(∆) = cov(∆Pt,∆Pt−∆)
var(∆Pt−∆) . Hence, as in Banerjee, Kaniel, and

Kremer (2009), returns exhibit momentum whenever βt(∆) > 0 and reversal whenever
βt(∆) < 0. This is the measure often used in the empirical literature as in Jegadeesh
and Titman (1993), for instance.

F.2 Trading Strategies

From (66) and using the relation in (69) along with Θ̂l
t = Θt+ λ1,t

λ2,t
(Π− Π̂l

t), the portfolio
strategy of an agent l holding n signals may be re-expressed as

θlt(n) = dlΘ,t(n)
(

Θt + λ1,t

λ2,t
(Π− αlt(n)Π̂c

t − (1− αlt(n))S̄ln,t)
)

(79)

+ dl∆,t(n)(1− αlt(n))(S̄ln,t − Π̂c
t)

= dlΘ,t(n)Θt + ϕlt(n)(Π− Π̂c
t) + (ϕlt(n)− λ1,t

λ2,t
dlΘ,t(n)) 1

n

n∑
k=1

εk

where
ϕlt(n) ≡ αlt(n)λ1,t

λ2,t
dlΘ,t(n) + (1− αlt(n))dl∆,t(n)

and where αlt(n) ≡ σ2
S

σ2
S+octn

.
As in Brennan and Cao (1997) or He and Wang (1995), I further isolate the part of θl

that is solely associated with private information. Since, from (71), agent l contributes a
fraction µt(n)dlΘ,t(n) to the per capita supply shock, I denote by θ̃l := θlt(n)− dlΘ,t(n)Θt,
the part of agent l’s portfolio that is absent of market-making concerns. From (78), it
then follows that

θ̃lt(n) = ϕlt(n)
(

1−
∫ t

0
ocsk

2
se
−
∫ t
s
ocuk

2
ududs

)
Π− ϕlt(n)

∫ t

0
ocskse

−
∫ t
s
ocuk

2
ududBΘ

s

+ (ϕlt(n)− λ1,t

λ2,t
dlΘ,t(n)) 1

n

n∑
k=1

εk.

Further assuming, similar to Watanabe (2008), that agent l remains of type n over ∆
and dropping the index n for convenience, the informational portfolio variation over ∆
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is given by

∆θ̃lt =

 ϕlt+∆ − ϕlt +
(
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∫ t+∆
t
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2
udu − ϕlt

) ∫ t
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))
1
n

n∑
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εk

The econometrician, who can only make sense of ∆θ̃l with respect to what she observes,
considers E[∆θ̃lt|∆Pt]. Applying the projection theorem, one writes

E[∆θ̃lt|∆Pt] = ρt(∆)∆Pt (80)

with ρt(∆) = cov(∆θ̃lt,∆Pt)
var(∆Pt) and where, by Ito isometry and {εk}nk=1 ⊥ Π ⊥ (BΘ

t )t≥0,
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− ϕlt+∆

∫ t+∆

t

e−
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s

ocuk
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uduocsks

×
(
σΘλ2,t+∆e

−aΘ(s−(t+∆)) + (1− λ1,t+∆)e−
∫ t+∆
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2
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) ds.

Hence, as in Brennan and Cao (1997), agent l follows the trend whenever ρt(∆) > 0 and
pursues a contrarian strategy whenever ρt(∆) < 0. This is the measure of momentum
strategies used in Grinblatt, Titman, and Wermers (1995), for instance. Notice that
the measure of trading behavior in (80) is not equivalent to that of Wang (1993), for
instantaneous covariances ignore the contribution of private discussions. To see this,
observe that prices have continuous sample paths

dPt = E[dPt|F lt ] + (λ2,tσΘ + (1− λ1,t)octkt)dB̂l
t.

Moreover, defining f lt(n) = AQ,t−BQ,t(BlΨ,t(n))>M l
t(n)

γB2
Q,t

along with the jump size of this
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function
∆f lt(n) = −

(Bl
Ψ,t(n+mt))>M l

t(n+mt)− (Bl
Ψ,t(n))>M l

t(n)
γBQ,t

,

an application of Ito-Tanaka’s formula yields

dθlt = E[dθlt|F lt ] + f lt(nlt−)Bl
Ψ,t(nlt−)dB̂l

t + (∆f lt(nlt−)Ψl
t− + f lt(nlt− +mt)C l

Ψ,t)dN l
t .

Hence, I get

E[dθltdPt|F lt ] = (λ2,tσΘ + (1− λ1,t)octkt)
AQ,t −BQ,t(Bl

Ψ,t(nlt−))>M l
t(nlt−)

γB2
Q,t

Bl
Ψ,t(nlt−)dt

where the contribution of private meetings gets flushed out.

F.3 Measures of Performance

In the sequel, I derive a fund’s NAV and the structure of the regression in (17). In so
doing, I consider the performance solely induced by the informational portfolio θ̃l, for
one should not give credit to a manager for making money on noise traders.

i) Net Asset Value. One may want to make the following preliminary observation:
were agents risk-neutral, their expected trading gains would be null, for prices P would
be martingales and, thus, E[

∫ T
0 θltdPt] = 0 as in Hirshleifer, Subrahmanyam, and Titman

(1994). Due to the serial correlation in returns, this result is expected to be changed:
using (79), expected gains up to time τ may be expressed as

E
[∫ τ

0
θ̃ltdPt

]
= E

[∫ τ

0
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t)AQ,tΨtdt
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t

]
+ 1{τ=T}E[θ̃lT−∆PT ].

where I set W l
0 = 0: since agents have CARA utility, this assumption is immaterial.

Since {εk}nk=1 ⊥ (Ψt)t≥0 and that εk has zero mean for all k and that the third term
inside the expectation is an Ito integral, it follows, under regularity conditions, that

E
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0
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]
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Moreover, using (51), one may write

θ̃lT− =
(1− αlT−) 1
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k=1 ε

k + (1− αlT− − λ1,T−)(Π− Π̂c
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and it follows, applying Fubini’s theorem, that
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.

Substituting (77) and (78), and using Ito isometry along with Π ⊥ Θ0 ⊥ (BΘ
t )t≥0, I get
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ii) Performance Regression. Denoting by θ̂c = A
(1)
Q Θ̂c

γB2
Q

the myopic market port-
folio and using that ξ ∈ F c ⊂ F l, I can write a manager l’s myopic portfolio θ̂l

as

θ̂lt− = θ̂ct +
A

(2)
Q,t −

λ1,t
λ2,t

A
(1)
Q,t

γB2
Q,t

(Π̂l
t− − Π̂c

t).

Using (36) and (76), it follows that A(2)
Q,t −

λ1,t
λ2,t

A
(1)
Q,t = BQ,tkt and I get

θ̂lt− = θ̂ct + kt
γBQ,t

(Π̂l
t− − Π̂c

t) = θ̂ct + kt
γBQ,t

(1− αlt)(S̄lt − Π̂c
t)

where the last equality follows from (69). Further observing that Π− Π̂c
t = 1

λ1,t
(Pt −

Π̂c
t − λ2,tΘt), one obtains (16).
The difference between the returns generated by managers i and market returns

follows from observing that
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)
dt+BQ,tdB̂c

t

)
.
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G Description of the Calibration

This appendix provides further comments on the calibration of Subsection 3.3.2, which
is used in the results sections.

I set aΘ above 0.05, as estimated by Campbell and Kyle (1993), for this parameter
value would make the supply counterfactually persistent. The chosen calibration matches
that used in Huang and Wang (1997) and Hong and Wang (2000). The volatility of
the supply σΘ is consistent with that estimated by Campbell and Kyle (1993) who
show that this parameter would be related to risk aversion in equilibrium. Inspection
of Section 3 in Campbell and Kyle (1993) shows that Θ is equivalent to X in their
setting. This further implies that σΘ is of the form 1−Φ2ησMσN

ψrσ2
M

diff(dNt). After correcting
a mistake in the first and third equations of B.12 and B.7, respectively, and substituting
the estimates of Table 8 indicates that my calibration is obtained for a risk aversion of
8. This parameter lies within the range used by Wang (1993) and is below that used by
Hong and Wang (2000). I choose to set the risk aversion parameter well below 8 to
be consistent with Koijen (2012) who structurally estimates fund managers’ relative
risk aversion and reports a risk aversion of 5.51 and stock holdings of $ 93 millions on
average.

The volatility of ideas σS is chosen to be higher than σΠ and both are set to the
calibration of He and Wang (1995). A similar estimate for σΠ is obtained in Banerjee
(2010). The volatility of ideas is chosen so as to reflect that working ideas are diffuse but
not too imprecise. Notice that respectively increasing γ, σΘ, σS and σΠ or decreasing
aΘ would only make my results stronger.

To fix ideas regarding the chosen network thresholds, suppose one shuts down the
price-learning channel so that oct ≡ σ2

Π. Then, at the chosen value for N , the marginal
effect 1

σ2
Π

∂
∂n
olt(n)

∣∣∣
n=N

= − σ2
Πσ

2
S

(σ2
S+σ2

Πn)2 of an additional idea is less than -2%. In other
words, the contribution of an additional idea becomes negligible: social interactions
have mostly exhausted their informational role. Since learning from prices will make
this contribution even weaker, N is a natural level for perfect knowledge to step in.

To further make sense of the chosen K, suppose an enforcement technology exists
so that agents optimally pre-commit to switch after getting K ideas or more at a cost
β. Assuming away time-inconsistency issues, they would compare the value V A

T =∑
n∈A µ

A
T (n)J l(n, T ) of Network A with that eγβV B

T = eγβ
∑
n∈B∪{∞} µ

B
T (n)J l(n, T ) of

Network B at time T . The value K would then be optimal if β = 1
γ

log
(
E[V AT |F

l
0]

E[V BT |F
l
0]

)
.

In turn, an interaction intensity of one meeting twice per year (η = 2), every quarter
(η = 4) and every two months (η = 6) imply a cost β of 0.34, 0.44 and 0.438, respectively.

32



References
Admati, Anat R., 1985, A noisy rational expectations equilibrium for multi-asset securities

markets, Econometrica 53, 629–658. [page 26]
Banerjee, Snehal, 2010, Learning from prices and the dispersion in beliefs, Review of Financial

Studies, Forthcoming. [page 32]
, Ron Kaniel, and Ilan Kremer, 2009, Price drift as an outcome of differences in

higher-order beliefs, Review of Financial Studies 22, 3707–3734. [page 28]
Brennan, Michael J., and Henry H. Cao, 1997, International portfolio investment flows, Journal

of Finance 52, 1851–80. [pages 28 and 29]
Campbell, John Y., and Albert S. Kyle, 1993, Smart money, noise trading and stock price

behaviour, Review of Economic Studies 60, 1–34. [page 32]
Chen, Li, Damir Filipovic, and Vincent H. Poor, 2004, Quadratic term structure models for

risk-free and defaultable rates, Mathematical Finance 14, 515–536. [page 12]
Cheng, Peng, and Olivier Scaillet, 2007, Linear-quadratic jump-diffusion modeling, Mathe-

matical Finance 17, 575–598. [pages 11 and 12]
Duffie, Darrell, Nicolae Gârleanu, and Lasse H. Pedersen, 2007, Valuation in over-the-counter

markets, Review of Financial Studies 20, 1865–1900. [page 12]
Duffie, Darrell, and Gustavo Manso, 2007, Information percolation in large markets, American

Economic Review 97, 203–209. [page 1]
Grinblatt, Mark, Sheridan Titman, and Russ Wermers, 1995, Momentum investment strategies,

portfolio performance, and herding: A study of mutual fund behavior, American Economic
Review 85, 1088–1105. [page 29]

Haugh, Martin B., Leonid Kogan, and Jiang Wang, 2006, Evaluating portfolio policies: A
duality approach, Operations Research 54, 405–418. [page 16]

He, Hua, and Jiang Wang, 1995, Differential informational and dynamic behavior of stock
trading volume, Review of Financial Studies 8, 919–972. [pages 9, 11, 23, 28, and 32]

Hirshleifer, David, Avanidhar Subrahmanyam, and Sheridan Titman, 1994, Security analysis
and trading patterns when some investors receive information before others, Journal of
Finance 49, 1665–98. [page 30]

Hong, Harrison, and Jiang Wang, 2000, Trading and returns under periodic market closures,
Journal of Finance 55, 297–354. [pages 24 and 32]

Huang, Jennifer, and Jiang Wang, 1997, Market structure, security prices, and informational
efficiency, Macroeconomic Dynamics 1, 169–205. [page 32]

Jegadeesh, Narasimhan, and Sheridan Titman, 1993, Returns to buying winners and selling
losers: Implications for stock market efficiency, Journal of Finance 48, 65–91. [page 28]

Koijen, Ralph S. J., 2012, The cross-section of managerial ability, incentives, and risk prefer-
ences, Journal of Finance, forthcoming. [page 32]

33



Lipster, Robert S., and Albert N. Shiryaev, 2001, Statistics of Random Processes II (Springer
Verlag, New York). [page 4]

Piazzesi, Monika, 2005, Bond yields and the federal reserve, Journal of Political Economy
113, 677–691. [page 12]

Vayanos, Dimitri, and Pierre-Olivier Weill, 2008, A search-based theory of the on-the-run
phenomenon, Journal of Finance 63, 1361–1398. [page 12]

Wang, Jiang, 1993, A model of intertemporal asset prices under asymmetric information,
Review of Economic Studies 60, 249–82. [pages 28, 29, and 32]

Watanabe, Masahiro, 2008, Price volatility and investor behavior in an overlapping generations
model with information asymmetry, Journal of Finance 63, 229–272. [page 28]

34


	A Proof of Propositions 1 and 2
	B Proof of Proposition 3
	C Proof of Proposition 4
	D On the Approximation Error
	E Proof of Proposition 5
	F Serial Correlation, Trading Strategies, and Measures of Performance
	F.1 Serial Correlation
	F.2 Trading Strategies
	F.3 Measures of Performance

	G Description of the Calibration

