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A Proof of Propositions 1 and 2

In this appendix, I derive the dynamics of Network A and Network B. The derivations
of the density u* for Network A contained in equation (4) of Proposition 1 proceed along
the same lines as those of Duffie and Manso (2007) and the references thereof, except
for one aspect: agents meet in Network A with an intensity ng; that is network-specific.
Since agents are restricted to meet with others currently positioned within the same
network, types are drawn from a density that needs to be normalized by the size of the
network such that it integrates up to one, i.e. %. Hence, for n € A, the dynamics of

pit evolve as

dp(n) 4 (&
dt = Nq;
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which yields (4). The mass ¢;' is then obtained as follows: from (4), I can write
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Integrating, I obtain that
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for n € A\{1}. Accordingly, the mass ¢{* of Network A satisfies
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Differentiating this expression, it follows that
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Equation (5) in Proposition 2 is derived in two steps: ¢) I first take care of the set of

agents who migrate to Network B. Taking discrete intervals of time A, the migration



of agents to Network B satisfies

A
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Rearranging and taking the limit on both sides, I get
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Migrating agents have between K and 2(K — 1) signals and their meetings further need
to incorporate the restriction that both networks are disjoint: an agent who currently
holds K +1 signals could not previously have K signals for, otherwise, she would already
be in Network B. Likewise, an agent who holds 2(K — 1) could only previously possess
K —1 signals. Hence, the types k and n — k whose meeting results into n € [K,2(K —1)]
have to be such that 1 <k < K —1and 1 <n —k < K — 1, which is equivalent to
IVin—(K—-1)<k<(K—1)A(n—1)orn— (K —1) <k < K — 1 given that
K > 2. Therefore, migrating agents with n € [K,2(K — 1)] signals enter Network
B at a rate “’ét( ™= _pgBuB(n) + n k! (k1) 1 (0 — k)pi (k). First, there is no
emigration term related to uf' because agents achieving type n € [K,2(K — 1)] are
not part of Network A. Their emigration takes now place with respect to Network B.
Second, the convolution is truncated in such a way that the previous discussion holds.

Besides migrating agents, i) I need to take care of the meetings among incumbents
to Network B who necessarily achieve a type higher than 2(K — 1). The derivation
thereof proceeds along the same lines as that for Network A and may, therefore, be
directly adapted: the types k and n — k whose meeting results into n € [2K, N — 1]
have to be such that K < k< N —1and K <n —k < N — 1, which is equivalent
to KVin—(N—-1) <k<(n—-—K)ANN—-1)or K <k <n— K given that
N > 2K. Hence, the convolution of incumbents is given by S7=% u?(n — k)uP (k) and
the resulting density in (5) follows.

From (5), the mass ¢” of agents located in Network B satisfies

C]B — — 77_/ —Uﬁ ds dS {ne[K2(K-1)]} Zk n—( K 1) ,Ltu( k)uu (k> U
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Differentiating this expression, it follows that
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Finally, the mass of agents perfectly informed is determined by the sum of the agents



holding n € C signals for the set of integers C'= {N,...,2(N — 1)} C N*. Denoting by
pé(C) = v ({j : j; € C}) the density for each classes of number n > N of signals and

where C C C', I can write

d . (N-1)A(n—K) 5 5 o
T () = > ' (n — k)l (k), pf(n) = d.

k=KV(n—(N—1))

Migrating agents pile up in each class which have become irrelevant given that Network
C indifferently grants access to perfect information. Hence, the mass ¢© of agents
located in Network C' satisfies

2AN-1) L2(N—1) (N-1)A(n—K)
¢ = Y pf(n)= 77/0 S wln—k)ul(k)ds
n=N

n=N k=KV(n—(N-1))

=1-¢q—qP.

B Proof of Proposition 3

In this appendix, I derive the Bayesian updating procedure in the presence of social
interactions. In a first step, I derive the filter pertaining to the information accrued
from the tape and, then, derive the filter related to the information processed through
private discussions. When filtering from the price, agents apply a Kalman filter to the
vector of unobservable variables X; = (I, ©;) " using the information Y,¢ generated by

the tape. The vector X; has dynamics

IT
©o

0

0o

dB?, X, =

0 0
0 —ag

From (6), the price may be written as

~

Pr=& A+ (1 — Ao)l;

where & = A 114+ )\ ;0;. Furthermore, notice that observing the price is informationally
equivalent to observing &, i.e. 0(P;:0<s<t) < 0(&:0<s<t)and thus Y;* = &.
The dynamics of Y,© are obtained by applying Ito’s lemma

Y = (N T+ (N — aeXe,)0;) dt + A yo0d BY.



The Kalman filter under F7 for j = ¢, [ is obtained through the theorem below.

Theorem 1. Denote the unobservable vector by X; and the observable vector by Y; with

dynamics
dXt = ((IO + a,lXt)dt + det
dY;g - (AO + AlXt)dt + BdBt
where dB; = dBte . The conditional mean )/(:t with respect to the information set

FY =0(Y,:0<s<t) has dynamics
dX, = (ap + a1 X,)dt + (0, A] + bBT)(BBT) 2dB,

where Oy = FE [(X—)/Q)(X—Z)T‘EY} is the positive semi-definite conditional

variance-covariance matrix of X; given by the solution to the Ricatti equation
O; = 1,0y + Oa] +bb" — (O,A] +bBT)(BB")1(A,0, + B"b)
and where the filter innovation B, satisfying
dB, = (BB")™2(dY; — (Ao + A X)) dt)
is a Brownian motion with respect to the filtration FY .

Proof. See Lipster and Shiryaev (2001), Theorem 12.7. Q.E.D.

To apply Theorem 1, I need an expression for the variance-covariance matrix O
of the filter: notice that because & € Ff C .7-}[, it follows that & = Ay I + X\ ,0; =
Al,tﬁf + )\27t(:)§ = )\uﬁi + )\gjt(:)ff. This means, in turn, that
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=) M-I)AF| =52 o, j=cl
<)\2,t> ( t) JT_;%:| <)\2,t> Ota j Ca
At
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)\Q,t t
Accordingly, O’ for j = ¢, may be written as
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Further observing that

0 0 O 0
ag = , A1 = , b=
0 0 —age [oXe)

and B = A\y,0¢ and working out the expression for the conditional mean )?t in Theorem

T
/

1t

) AO = 07 Al = ,
)‘Z,t - a®/\2,t

1, T get the following dynamics under common information

II¢ 0 0 IIe
d| ' | = ol de
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+ dB¢

where By is a one-dimensional Brownian motion with respect to F; with

~ 1 ~ ~
dB; = 5~ (dge — (XIS + (Vg — aeAa)O5)dt) . (21)
Using the definition of k; in (11), I get the equation (9) for the common filter. Further-
more, substituting the expression obtained above for Oy into the Ricatti equation of
Theorem 1 and working out the equation, I obtain the following ordinary differential

equation
dof _ (0f)°
dt A0}

(Ndae = ANy, — aeday))? = —ki(0f)*.

This yields the equation for the filtered variance under common information appearing
in (12).
Similarly, when agents [ do not meet anyone and, thus, collect information from

only watching the tape, their forecasts evolve as

I, 0 0 I E(nd )k _
| = e lde+ K l(nt‘l) L dB! (22)
CH 0 —ae O (O’@ — 0} (”t,) Ekt)
where
dB} = (A& — (XTI + (X, — aee,)Of_)dt) (23)

B /\2,t06
is a one-dimensional Brownian motion with respect to F . The variance of their filter
2
evolves as do! (né) = —k? (oé (”i,)) dt.
I now turn to show how both the beliefs about II and (©;);>¢ are updated when

an agent is met: whenever an agent [ meets another agent holding m; signals, she



gets a sequence {S!}7, of incremental signals. Conveniently, by Gaussian theory,
gfn,t = m% S, Shis a sufficient statistic for the latter. Notice that ant is conditionally
Y 0'2 o . .

distributed as S!, , ~ N(II, .2). Then, by Bayes’ rule, the conditional density pL(I1|F)
may be written in the following recursive way

_ (Sv,fnyt_n)z
pi_(H|F} ) *s/m

(5L, —=)?

e Ph_ (x| FL e *5m dx

ph(TIF) =

Hence, at time 0, given the prior IT ~ N(0, 03) and immediately after investor [ receives

her initial private signal (in which case, n = 1)

2 1 2
1 II 1(8'-1I
_1 _1 1 1 2o gy 242
e Q(UH) e 2( "S) 7+ o ot IS )op)”

2
[ A . S 11 202,52 (0'2 +o‘2 )
po(H|Fp) = _l(i)2 _;(51_1)2 N o e STITs T
fRe 2\ oq e 2 og dl’

which may be used as an initial condition for the above recursion. I can then compute

the integral in the denominator of the expression above to obtain

2 2
- 2 T o -
I YEW N G I I AR 1)
(Sin,t_w)2 ’\l< l) ZUg/mt (l ) ol( ) U%/mt 2
t t —

_ o) n 201 n nl
] t t t_ t
/pii(x|]:f7)e g/me dr = | ——%e
R o} (ni_

t

-1
where 06/ (ni) = ( 1 _m . Substituting this expression back, I obtain

e TS B ) R S (R
Dy t
270 (né) 210l (né)

where the second equality follows from that the conditional distribution pl(IT|F}) is
Gaussian for any t. Comparing the two expressions in (24) yields the updating rule for

the variance
1 1 my

2
(nf) ol(nt) o

(25)



and the mean

i i g m &, T
Lo=— 4 = = (26)
o} (ni) ol (né_) 0%/ my ol (né) o5/ my

I still need to take care of the updating rule for the noisy supply (@t)tzoz observing

that information & accruing from the price is continuous, I can write ! — 6. =

_ A

o (I — I ) and, in consideration of (26), the updating rule immediately follows

Al ay) ol 17l
@t @t, _/\1,t Sm,t Ht,

- 2
oé (né) 0% (né) Aot Us/mt

(27)

Alternatively, the conditional p.d.f. pL(©;|F}) for the noisy supply satisfies the recursion

5 ~1 A2t S
(s;,t—(n%ﬁ(eg—et)))?

1 1 20‘2/m
LO,|Fl) — P (O] F; e s/
pt( t| t) - sl =~ )‘Q,t ~j 2
(W2 @)
2
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230 2a0 (2060072 102+ 0(S'AL 04+O0rg.0)02)2
A2,2+2—l 00071 0751220 1,0190X2,0)0g
pé(@d]—}l)) — 4| 2075 %8 e’ 200 07576 T ,0%3,07576

2

In consideration of the updating rules in (25), (26) and (27), when an agent is met
at time ¢, the filtered fundamental and the filtered noisy supply experience a jump
whose size is respectively given by

S — 10 6l =68
=0} (n}) and A6, = 6] - 6] =

~

Al =11 11 =

Ql i

)\l,t Sm,t - Ht, Ol (nl)
2 - 2 t\"h) -

O'S/mt )\Q’t O'S/mt

(28)

Likewise, the variance of posteriors experiences a jump of size

1
L (1 Lol — U0 AL (]
Ao, = o, (nt) — o (nt_) = ——0; (nt> 0y (nt_) my.

Og

Moreover, the respective filters of II, a constant, and (ea@t@t)tzm a martingale, need to
be martingales. Hence, I need to compensate their jump size adequately so as to enforce

their martingality. To do so, I have to pin down the distribution of the jump size in
Sl T
posteriors or, equivalently, the distribution of Z}, , = “Z—=o} (ni) Let v{(m;dt;dZ)

m U%/mt

denote the required density. Moreover, notice that the probability of meeting someone



in the time interval [¢,¢ + dt) is P[N}, 4, — N} = 1] = n,dt and the probability of getting

m incremental signals given n! currently held and conditional on meeting someone in

[t,t 4 dt) is

A B
i m) i (m)
Plm, = m’Ntlert - N =1,n |= th Ll cameay T th Ll eBimeny-
i ¢

Hence, the probability of getting m signals in [t,t + dt) given nl is

P[{mt = m}m{Ntl—i—dt_Ntl = 1}’72‘557] =1 (:u?(m)]‘{né €A;meA} + #tB(m)]‘{ni7 €B;m€B}> de
and the distribution v/(-) satisfies
vi(m;dt;dZ) = P[{m, = m} N {N}, 4, — N} = 1}n}_| x P[Z},,, € dZ|F}_,my] (29)
=" (M?(mﬂ{ni cAmea) T Nf(mﬂ{nL eB;meB}> dt

< N (0, s (05)° > 4z

(05 + ni_of)(0% + niof)

where the last expression follows from that

L(, mg
E |2, Fm] = mom) g\ LSt it | A ,mt] —0
Og my j=1
and
m2(0l(nl))2 1 ™ m2(ol(nl>)2 o2
%4 Zl .Fl 7 — t AT\ VT i J fl 7 — t\TT\'" (o) vs .
|28\ FL ] o +W;et7m el )+ 0

Since the expected jump size is null, the compensation is null and the filtered dynamics
in (10) and the variance dynamics
1
doj(ny) = —ki (o(ni_))*dt — — 0 (ni)o(ny_)medN;

2
S

immediately follow by putting together (22) and the jump sizes in (28).
Finally, letting K¢ = X, I can write d K (ni) = dK{+2dN{ and obtain the explicit
t S

of
relation

vy nt
K (nf) = K+ K + | Z2aN] = K7+ 2
S S

where K¢ satisfies dK¢ = kZdt. This yields the expression for o! (ni) in (12). |



C Proof of Proposition 4

In this appendix, I turn to agents ¢ and [’s optimization problem. Following the
notations of He and Wang (1995), I denote by @ the excess return on the price. The
latter satisfies

dQy = db, — rPdt + 1 APr. (30)

Accordingly, agent [ who currently holds n! signals chooses a portfolio strategy 6! =

O' (Wl nl  t) with U! to be shortly described in order to maximize

sup B [—e Ve | Fl ] st W] = Wldt +6]_dQ (31)

9!

while agent i chooses a portfolio strategy 6 = 6°(¥,¢) in order to maximize

up [—e Wi A st dW = rVdt + 6/dQ. (32)
I first solve the problems in (31) and (32) over [0,7") and then solve the ones prevailing
at the horizon date which, in turn, will provide boundary conditions. In doing so, I
need to determine the state variables relevant to (31) and (32): due to the CARA form
of utility, W will act as a trivial state variable. Besides ¢t whose dependence is triggered
by T' < 0o, the other relevant state variables, ¥, appear to be the ones driving Q).

I proceed first with (31) and, then, obtain the solution to (32) as the special case
when n! — oo: notice that, because r = 0, Q; = E[Py| F!] = A IIL+ g, 0! 4 (1= Ay, )IIE.
The dynamics of IT: and ©! being obtained from (10), T just need to derive the dynamics
of TI¢ with respect to F! : substitutions between the two Brownians in (21) and (23)
lead to

~ ~ 1 ~ ~ A A
dB¢ = dB! + )\7(X1¢<Hi_ —1II5) + ()‘IZ,t — apAay) (O] — 6F))dt.

2t00

Using the equivalence relations between (:)tc and (:)i, this change of measure is written as

. . 1 . .
dBtC = delg + m()\/u)\zt - /\1,t<)\/2,t - a®)‘2,t))(Hi, - Hf)dt (33)
2,t
— dB' + ky(IT! — TI¢)dt

with the associated Radon-Nikodym derivative

d@c _1rt ol _1Ic s t L _Tie\gBe
dE‘Dl —e é f() (kS(H%97 Hs))Qd +f0 kS(H%97 Hs)st. (34)
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I assume that (34) is a martingale (and not only a local martingale) and Girsanov’s

theorem applies. Then ﬁf satisfies the following dynamics

C

~ 05 ~ ~
dIlf = N, (Xu)\m Ap(Ayy — aehay))* (I — II7)dt

O ~ ~
A ij (N Ao — Are( Ny, — aehay))dB! = ofk2(IT. — TI$)dt + oSk, d B!
2.t

with respect to F! . An application of Ito’s lemma then shows

dQ, = (M, + (1 - Aig)osk?) (I —TI¢) + (Ny; — ao2,;)O! )dt (35)
+ (Moo + (1 — Ay 4)oSk,)dB.

Inspection of (35) reveals that Wl := (1,0}, A)T where the first element is introduced
to capture linear dependencies along with some constant and where Al = ﬁé - ﬁf
denotes the difference between investors ’s estimate of the stock value and the estimate
solely based on market information. By Ito’s lemma, the latter satisfies

gfnt_ﬁzl% 1 1
+ o (k) myd N
o t( t) tALVy

2

AL = —ogk? AL dt + (of (nl ) — of) kd B
S

Moreover, using the expression for éf& in (10) in Proposition 3, T get

AL

. Ay St — I
d6! = —ae6! dt + (a@—ot (n ))\ ALt Pmit 2t

k ) dB! — of (nt) mydN}.

2
2.t A2 )t Og

As a result, the excess return @ and the filtered state variables W! = E[¥,|F/] follow

the coupled process

dQ, = Ag, W, dt+ Bg,dB} + Cq, (¥ ,n}) dN]
AW} = Ay W} dt + By, (n} ) dBj + Ch, (¥, ,n}) dN]

over [0,7") where

0 0 0 o
)\1 t kto's
_ l 1y —_ =
A\If,t = 0 —ap 0 ) B\I/,t (nt) - %6 A2t KfU%-ﬁ-ni 5
0 0 —ko¢ ks L) e
e oK nf  Ki )™

and

(0 =3 1) Zm Ty,

C‘lll,t (qu:a ”i)
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along with

Agr =10 Ny, —aeday M+ (1—A)osk? |, Bos = dasoo + (1 — Aok
(36)
and Cg; = 0. As expected, the excess return does not jump, expect, perhaps, at the
horizon date T" when the stock pays out.

Finally, notice that ¥! does not constitute a sufficient statistic for (31) because,
unlike He and Wang (1995), the variance o' is not a sole function of time. Instead, o'
jumps at random times and one needs to include it as an additional state variable. In
that respect, the relation between of and o (ni) described in Proposition 3 implies
that one may choose to keep track either of n! or ol. Accordingly, I let the state
variables for (31) be (W', W' n! t) and let the associated value function J' be of the
form JY(W! Wl nl t). Using these, I can write the Hamilton-Jacobi-Bellman (HJB)

equation associated with (31). By the standard martingale argument, it satisfies
1
0= sup { Ay Aqe ¥l 01+ 3 B0 )7 + BB () bl
t_

1
+Ji 4 (Jo) AweWy + St( Ty Bu () (B, (ni))")
+ BT (WU + Cy (1) i+ must) = J (WL W ng_ t)]

with terminal boundary condition J'(W*, ¥, n!, T) = —e~""+ and where tr(-) denotes

the trace operator. The first-order condition reads
JwAQu¥y_ + JyywBg 0, + Bou(By,(n_)) Jyyg =0 (37)

and the second-order condition for optimality is J{y, < 0. Substituting the first-order
condition into the HJB equation, I obtain the following PDE

1
T+ (Jo) A @y + St ( Ty By () (Byy(n;))") (38)
+ B WL W, 4 Ch, (W) mt) o+ ma,t) = T (W] W k)]

LAV + Baa(By(ni ) Jivw)?

=0.
2 J‘Z,VWB%J

To solve (38), I make the following observation: if my setting were absent of social
relations, W' would follow a bi-dimensional OU process and the setting would be affine

quadratic. As shown in Cheng and Scaillet (2007), I could then conjecture that

1
TV, 1) = —exp (! = (8T M) ) (39)

11



where M!(n!) is a (3 x 3)—symmetric matrix of coefficients to be determined and
that satisfies boundary conditions pinned down by the problem to be solved at the
horizon date. Yet, due to social interactions, learning is not purely Brownian and the
combination of the jump in posteriors along with the quadratic form of (39) make
the setup not LQJD (Linear-Quadratic-Jump-Diffusion) but QJD. Hence, unlike the
setting of Cheng and Scaillet (2007) or Piazzesi (2005), for instance, the quadratic state

variables jump along with the affine ones and the jump size in (38) is of the form

ER[J W0+ Cy (W) ,nh) b 4 myt) = J WL WL nf 6] = (40)
JHWE WL nl ) x

(Ch, (W, nl)) M ()T, (W), nt)

y 1 +(Wi )T (M (ng) — M(n; )V}
E™ lexp | —5 U NT AfL (00N I ! —1
2 +(W; )" My(ny)Cy (\Ijt_ant)

+(Chy (WL nt)) " Ml

In this context, Chen, Filipovic, and Poor (2004) have shown that the exponential
quadratic ansatz in (39) for the value function fails to hold. Instead, for (39) to hold
and in the spirit of the approximation considered in Duffie, Garleanu, and Pedersen
(2007) and Vayanos and Weill (2008), I linearize the jump size in (40) by means of a

first-order Taylor approximation of the latter around zero:

E[J WL, +Cy, (W) nt) oy +ma,t) = J' (W], Wt )]

5 (e (O (¥t ) M il (¥ )02

1
D) (/N e (Cfp t(‘l’i_ﬂfe_ + m))T Mtl(ni_ + m)uﬁ(m; dt; dZ)) \Ifi_

ST ([ M+ m)Cl (W nd ) ms dt;2)
1
5 T(/N*XR (MYl 4 m) = M) vh(m; dt:d2) ) 0.
= 2 (ohe () + (6, () "W (W) Te, (M) + (U )Tal, (M),

This allows to make the setting LQJD and to preserve its tractablity. An upper bound

on the error induced by the linearization is provided in Appendix D. Further substituting

12



the ansatz in (38), I obtain the following matrix differential equation

M(nh ) = —n¢h, (M') — diag(¢h, (M), 1) — I 5 diag(@h, (MY)  (41)
Bl (nl VA B! A T
M!(nl ) (Wt(nt)m _ Aw) + (‘“(nt)‘” _ A\p,t> M!(nl )
BQ,t BQ,t

AL Aoy l l T 3
Bt (o (M) Bl (B0 0)T) + méh (VD) 1Y

where Ii(éy) is a N x N—index matrix with its elements being zero except elements (i, )
being 1.
Since, as per (29), the expected jump size is null, it is immediate that
o MY=10 0 0] Viel. (42)
T
To determine the coefficients qﬁlo,t and (/blz,t, I denote by cg ¢ = [ 0 —%”; 1 } the jump
scale in such a way that Cl, = cgZ'. 1 then integrate over the different realizations of

the incremental number m; of signals: clearly, since agents only meet others within

their own network, ¢’s need to be network-specific. This yields

mo‘2
ZmeA /’l’?(m)cg,tMtl (ni_ + m)C\I},t (0—.2S‘Ktc+ni_)(o%’SKtc+ni_+m)
oo 5 e i (m)cy,
0,t_ = l mo .
! X 1{7’1% +m€AUB} (M (nt + m)C‘I/ t( 2KC+ni_)(U§K§+né_ +m)> lf ni7
2
Flint mgaumy (Mt CwW)
and
Smea i (m) (M{(nk_+m)—Mi(n}))  if nl €A
ZmeB :utB(m)
Cblz,t, (Ml) -

1{ni7+meAuB} (Mtl(nft_ + m) - Mtl(ni_)) if ni_ cB
Tl 4mgaun) (MZ - Mtl(”i,))

The solution to agents ¢’s problem is directly obtained as a particular case when
n! — oco: the HIB equation for (32) is

0 = sup { Jiy Ag Wik + 5 Ty B3 (63)? + Bau(By ) Jivati} (43)
o

A , 1 o .
+ Ji+ (Jy) T Ag Oy + §tT(J\Zp\nyx;,t(B&;,t)T)

13
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with JI(Wi, ¥, T) = —e"t and ¥, = (1,11 — II¢,0,) T and By, = lim,i_,, By, (n!).
After substitution of the first-order condition and using the conjecture J'(W* ¥ ¢) =

Wi L) T M C : . .
—e W =3 (W) MY which, in this case, is exact, I obtain

. (Bi A Bi A T
M= M ( \IEQ tot - AW) i < ‘IEQ tQi - Aw) Mi )
A AQt i i i 3
- (%; t)2 —tr (Mt B‘l/,t(B\If,t)T) Il(l)

I can go one step further and simplify the matrix differential equations above: first,
considering (41) and (42) and (44) along with the terminal condition M712(T) =
M>(3)(T) = 0 for j = [, which follows from (52) below and since the differential

equations for M7(2) and M7(13) have no generator term, M/ (n!) is of the form

MY (nd) 0 0
Mi(ny) = 0 My (nh) - My *P () (45)
0 My (nh) - My ()

where M follows from n' — oo. (45) implies that (41) and (44) may be decoupled from
, T
MPED (nty and MY: T shall redefine Coy = [ A } and

A2 ¢

2
)\Lt ktUs

—ae 0 00 — 3, Zikcanl

* EN AN A A2t oG Ki4n

Ay, = [ 0 k2 ] 5 B\If,t(”t) = ( o2 ! )/; 5 (46)
2 oZK{+nl  Kg/M

. 0o
*i
) B\If,t - ¢
_Otkt

along with matrices M*! and M*' whose dependence on gzﬁ;’l = ¢, (M*!) is emphasized

Y A '
2t — A2t

ki
Xl,t + (1 - Al,t)}(tc

*

Q7t

1,(2, *, 1,(2, *, (2, (2,
M, 2 (ni, ¢21) M, (29) (nfﬁ ¢21) M, =2) M, =3

M (g, 631) = and M = | 33 |
UL Ml 050 My (), 65) M

Then, reorganizing (41) and (44) respectively yields

*,l *
Ve ol N *,1 *l/ ] %1 B\If,t(”i,)AQ,t .
2 (g, 09y ) = —nday + M (g, 5y ) Boy — Ay, (47)
T
B\;;lt(ni )A?Qt l l (AL )TA*
+ ) — ) _A* M*7 nl , * _ Q?t Q7t’
( B, v o 03) (Bgu)?

14



. . T
. | BXA* BXt A% ‘ A* )T Ax
M= M (W QL _ Ag}t) + (“ &t _ ATM) MP— (A0 Age (Qg; );“. (48)
it

Substituting (39) into (37) and the ansatz for agents i into the first-order condition
in (43) yields

o - R A* _ B B*,l nl TM*,I nl ’ *,l @l
9,15 = 01(655_7 Hi_—Hf, né_,t) _ Q¢ Q,t( \Il,t( t,Q)) t ( t_ 2,t_) _ .
and | |
. . R A* _ B B*,z TM*’Z @
0 = (0,11 — fit, ¢) — aa = BorlBy) M; ]
VB, IT — II¢

delivering the respective optimal portfolio choices in (13) and (14) in Proposition 4.
Boundary conditions to (48) and (47) are provided by agents’ optimization problem
at the very last round of trading. Here, I need to take care of the jump in (30):

—'yI/lel —yelTi APr

Fr.

T (Wh W b, T) = sup B | ¢ (49)
T_

2
— WL —~6L. E[APTl]-'lT }+%72 (elT ) V{APTV,{P }
=sup —e - - - - -
07

where I used the Laplace transform of a normal random variable. Solving for the

first-order condition yields the optimal portfolio
E[APr| F |
W AP Fy |

l
T_

(50)

USil’lg that APT =1+ 0 — PT, = (5 + (]_ - /\17T7)(H - ﬁ%_) - /\2,T, @T); I obtain, for
agents [ and 1,
(1*>\1,T,)(H*ﬁ%_)*>\2,T,®T

2
vo§

9! (I=Ar7 )y —T0§ )=Agr_©h
T_ p—

v(of_ (nip)+03)

Substituting (51) into the terminal value function in (49), I get

. ~ N2
1 ((1 - )‘1,T—)<Hl7l — 107 ) — Ao @é’,>

JUWL Wl nk T) =exp | —yWEL — 5 bt o2
(52)
i 1(<17A1,T_>(n—ﬁ°T_>fA2,T_®T>2
for agents [. Similarly, I obtain JY (W4 W, T) = g TR o3 for
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agents i. But given the shape of the value function conjecture in (39), the boundary

conditions are

N 1 A2 —Xor (L—=Xir)
MTi (an) = 7 1 2 1= 12 (53)
or (ng) + of —Xor (I—=Xir) (1—=Xir)
and
» 1 A2 - 1—A
My == 2.1 2.7 f*) . (54)
g5 | —Xer (1—=XMir) (1—X7 )

Notice that these boundary conditions are given in terms of the terminal price coefficients

A and Ay . The boundary conditions for these will be derived in Appendix E. W

D On the Approximation Error

In this appendix, I derive the dual counterpart to the primal problem in (31): I use
the dual formulation to obtain a probabilistic characterization to the first-order Taylor
approximation used in Proposition 4. Then, I use the dual approach along the lines
of Haugh, Kogan, and Wang (2006) to provide an upper bound on the approximation
error taking prices as given.

The primal problem in (31) may be alternatively written as

sup £

[_e—leT +A
9!

]—“t’_} st W, = 0, AP, = 0, (Ao V! dt + Bo,dB))  (55)

where A is a Fp_—measurable random variable given in (52). I denote by (6});>0 the
optimal portfolio strategy associated with (55) and by V;* the value function associated
with (55) and evaluated at the optimal strategy (6%);>0. Also, I denote by (6;);>¢ the
portfolio strategy in (13) which is associated with the value function V; whose jump has

been linearized. Clearly, because the policy (gt)tzo is suboptimal, it is immediate that
V, <V, Ve [0,7). (56)

That is, the approximated value function V; provides a lower bound to the optimal
value function V,*. To get a sense of what V;* and, thereby, the magnitude of the
approximation error may be, it is necessary to include an upper bound on V;* as well.
The latter is provided by duality theory: consider a fictitious market which is comprised

of the original risky stock with equilibrium price P and dynamics

AP, = oy(k,dt 4+ dB!)
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where k; = % denotes its market price of risk. Furthermore, I introduce a market

completion in the form of a fictitious asset with price S and dynamics
dS, = AN} — g,dt.

An agent facing such a market builds a portfolio strategy (6,1) where 6 and v denote
the fractions invested in P and S, respectively. Her wealth therefore evolves according
to

AW, = 6, dP, + ¢, dS; = 0;,_oy(k,dt + dBY) + 4, (AN! — g,dt). (57)

The dual state variable H € K to (57), or equivalently its Lagrange multiplier, is
assumed to satisfy

dH, = 3,H, dB' + 6,H, dM! (58)
where M} = N! — [I1n,ds is a P'—martingale and K is assumed to be as follows.

Assumption 1. The space K is such that (5,6) € R x (—1,+00) are square integrable

and predictable processes satisfying the conditions

t t
/ 5§d$ < 00, / 5577st < oo Vie [OaT) and such that Ht > O’ E[Ht] - 1’
0 0

HW; a local martingale ¥t € [0,T) and E[Hr(log(Hr) — A)] < o0.

The dual state variable in (58) is assumed to take an exponential martingale form

to enforce its positivity. Furthermore, an application of Ito’s lemma yields

dH W, = H, 6, o¢(ki+ By)dt + H, (6,0, + Wt,ﬁt)dgi
+ (Y (L+6,) + 6Wi)Hy dN] — (¢r_gy + W,_0yme) Hy_dt.

Since, from Assumption 1, (H;W;);>¢ is restricted to be a local martingale, it must be

that 3 = —k; and (N})¢>o should be appropriately compensated, i.e.

Uege + Widimye = ne(he(1 + 04) + 6, W)

and thus §; = % — 1. Therefore, any candidate dual state variable H for the above

fictitious market takes the following form

Hp = ¢5 Jy rds= [ wadB o[ (remgi)ds II (1 + <gs - 1) ANsl>

0<s<t Ts
_¢ <_m§l i (9 - 1) Ml>
Y T

17



where £(-) denotes the Doléans-Dade exponential. The remaining conditions in As-
sumption 1 are imposed so that H defines a proper change of measure and such that
the dual problem is well-defined. The optimization problem faced by an agent in the

fictitious market is then given by

Vt(g) =sup & [_6—7W§’¢(9)+A
(0,%)

st. AW (g) = 6,_dP, + ,_dS?
st. ¥r(g) =0 Vt e [0,7).

(59)

That is, at the optimum, g* is such that an agent finds it optimal not to invest in the
fictitious asset. The portfolio strategies associated with the fictitious problem in (59)
may be obtained as follows: by the martingale representation theorem, the discounted

wealth may be written as

t . t
HW* =Wo+ [ ¢aB+ [ o

t N t
= Wot [ Hi(buo.~ WIn)AB + [ H, <¢895 e (9 _ 1)) an
0 0 775 S
where (¢, ¢) are predictable processes. Accordingly, for any arbitrary dual candidate

H) | the portfolio strategy is

-1
- -1 g -1 g
07 = (o0 (HE7) 40 a2 = () (o9 (1) 4 (12 ) ),
()

Also, for any arbitrary candidate H9 I can write the optimization problem in a static

form a la Cox-Huang as

(&

_ (9)
[— W st By [HEPWE] < W, (61)

Solving the associated Lagrangian, the value function V@ for any H9) may be written

as

Y9 = = Wom EolHy) (log(Hy)) - ) (62)

Since W\ > W, (62) constitutes an upper bound to V7, i.e. V;* < AR [0,7),
and is expected to be strictly equal to it at the optimum V,* = infy Vt(g). Hence, taking

into account (56), V;* is bounded by

Vi, V()0 given < Vi < V9 Vg > 0 given

18



and, thus, the approximation error is bounded by
0<|Vr -V <[V -7

for given prices. The upper bound in (62) requires the computation of
EO[H;Q)(log(H}g)) — A)]: since H € K, H represents a change of measure and I can
accordingly define the following Radon-Nikodym derivative

dP!

7

By Girsanov’s theorem, this change of measure implies that Ef = Ei + Ji keds is a

P!'—Brownian motion and
~ ! t
M; = M; —/0 (9s — ms)ds
is a I@l—martingale and (fv’;)tzo is a P!'—Poisson process with intensity ¢g;. Hence,
Eo[Hy? (log(Hy")) — A)] = Eo[log(Hy)] — Eo[A].

Moreover, applying the change of measure in (63) and Ito’s lemma shows that

1 - —
dlog(HY) = infdt — kA Bl — <gt — 1) dt + log (gt) dN/
Tt U

such that

_ 1~ T ~ T
Eq[log(Hf")] = 5 Ey [ / nidt] + By [ / <log (i) Gi—gi+ m) dt] .

To actually compute an upper bound, I further need to pick a particular ¢g: one such
choice includes g = 1 as a natural candidate for reasons that will become clear shortly.
With this candidate at hand, the dual state variable H{" = & (—kBY); does not jump

and the upper bound reduces to

‘/O(n) — _B—VWO—EO[% fOT k2ds—A] = _e—'yWO—%f(\I!l,n,O).
l
Recalling that the market price of risk is given by x;, = % and that the change of

measure in (63) implies that (¥');>¢ still evolves as an OU process under P!

A ~
d\I/i = <A\Iz,t — By BQ’t> ‘I’i, dt + B‘PztdBi + C‘I’vthtl
Qi
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where the particular choice of g = n implies that (N/)s¢ is the same Poisson process

under both measures, I can write the following PDE for the function f

AQ t\:[/l 2 T AQt 1
0= <7t> + fi + (fo) (A\I:,t — By —=— ) \I’i + —tr (Jq/\llB\I/,tB\—ll,—,t)
BQ’t BQvt 2

+ B [f(U)_ 4 Cayon+m,t) = f(U]_n,1)]

with boudary condition f(¥!,n,T) = A. Given that (¥');5, follows a Gaussian process
under P! and that f is quadratic, one may conjecture that f(U' n,t) = (0")T R, (n)¥
and substitution of this conjecture into the above PDE after separation of variables
yields (41) and inspection of A, implies that R;(n) = M(n), or

Vt(n) — Wi (W) T My (n) ¥
which is nothing but the conjecture in (39). One may then obtain the unconditional

upper bound at time 0, by integrating out the vector ¥}. To that purpose, one should
notice that the latter is distributed as WU} ~ N (0, %) with

g ()\1,0>2 of Mo of

2a¢0 A2,0 o2 +02 A2)0 02 402

EO = A ot s 0222 s
AL0 I n?s
A2,0 05402 oZ+o%

Therefore,
.
. ot LD fl<q/(*’l>) MY 1)weD y
E% {VO(”)} = —eWo—g My (M) [ T2 70 o W% 4 (q;((] ,)>
RZ

_1
2

= —e MmO |14 w0 (1)

where the second equality follows from completing the square in the bivariate normal
distribution. Given this explicit form for the upper bound, a probabilistic interpretation
to the linearization is obtained by inspection of the portfolio strategy implied by g = n:
the static problem in (61) induces the first-order condition U’ (Wr) = )\tZTTZ) where )\
denotes the Lagrange multiplier of the static constraint at time t. Furthermore, the

(n
(

) ) avm 7 avm\ !
envelope theorem implies that Z— = A;. Thus, o = U (Wr) ( T ) and, as a
t

" av™ avt(”
H<’7) - oWy oWy

Matchiné the diffusion terms yields
v\ [ oV v, \'
9(77) _ 1 t t OV g
t (0] <8WE ow," \awoul ) Pv)

20

result,

) (n)
Vs > t, which finally implies that dlog(H") = dlog (a(;/ﬁvt )




(m)

which, after substitution of the explicit upper bound V", needless to say, yields the

portfolio policy in (13). Further matching the jump terms yields
0= log (V" (Wi_ + 4, W)+ Cyy)) —log (VP (Wi, W) )) .

Substituting the explicit form and using the portfolio policy in (60) shows that

-1

w0 = g (1) = _217 ((\pg T+ Cu) Mi(ntm) (¥ +Cye) - (V) Mt(n)\p§> .
Hence, the approximate policy (gt)tzo boils down to pick the strategy (Ht("))tzo and
make it an optimal one by setting 1/12577) ~ (0 since, as per the fictitious problem in (59),
an optimal strategy must be so that ¢ = 0. Alternatively, the Taylor approximation of
the jump size tantamount to set the loading ¢; on the Poissonian risk in the martingale
representation of the discounted wealth to zero.

I finally compute the value function V; associated with the approximate strategy

(9§”))t20 and 1y = 0. Since the approximate wealth satisfies
. T ) T
Wy =W+ [ 00dr, = wf? — [*u.ds),
0 0

it remains to compute

‘7 E [ —w(WQ—&-fOTng)as(iﬁsds+d§é))+A‘|
0o— Lo |—€ .

I introduce the following change of measure

ol T ) 37511 T( () 2
dP v, 0VosdBL-342 [ (95 as) ds (64)
= =€
such that
T p(n) 1,90
~ _ — —y 2 O'S(K‘s**’yes 0'5>ds+A _
Vo = —e " E, [e s : = —e "Wop(T n,0).
. Ag.—BgBY Ml (n) . e
Recalling that Qin) = 29 %Qf’t DUl T can write, after simplifications,
Al An,—B2 Ml(n)By ,Bl  Ml(n
. N et Q’tBé( S B QR TR
h(U', n,0) = Ey |e Q : (65)

The computation of the function h(-) is generally complicated precisely because it
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involves a quadratic jump. Therefore, for the purpose of computing the lower bound,
I resort to Monte Carlo Simulations. I simulate the dynamics of U' under P! using a
standard Euler scheme. Given the change of measure in (64), Bl = B!+~ [{ M ,ds is

a P! —Brownian motion by Girsanov’s theorem and W' satisfies

Ag: — BBy M{(n)
BQ¢

Al = < Ay, — By, ) Ul dt + By ,dB! + Cy ,dN}.
I further draw m out of the cross-sectional distribution of types by drawing a uniform
random variable according to Ujp;; and cumulate p;. I then compute the integral in

(65) by means of the trapezoid rule.

E Proof of Proposition 5

In this appendix, I derive the equilibrium equations for the price coefficients \; and \s.

To that purpose, I first observe that, from (13), individual portfolios take the form
91@’5&7 nfﬁa t) = @t(nt)@l + dA t(nt)Al (66)

Aggregating the latter over the population of agents first calls for the average beliefs
Jier I17de(4). 1 recall that, given that & € F¢ C F, I can write

ét = )\1,tH + )\Q,t@t = )\17,51/_\[? + )\Qytéf = Al,tﬁi + )\Q’t@i.

It then follows that @f = % nd @l %: using these expressions along with
equation (9) for the filter ﬁf of Proposition 3, an application of Ito’s lemma delivers
HC c 277C nl 217!
d——ktdB —i—kHdt—ktdB + k1L dt (67)
0§
where the second equality follows from the change of measure in (33). Similarly, using

(10), one may write

Hf: Sl 2731 gl Mt A
dT — ktdBt + kt Ht,dt + Sm,t;ngt (68)

Ot

where the jump size directly follows from (26). Bunching (67) and (68) together, I can

1 om0\ S
ol (nff) of o}

This equation may then be solved using the initial conditions ﬁg =0 and of = 0% and

write

applying the updating rule in (26) to ﬁf) Doing so, I obtain the following lemma.
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Lemma 1. A manager l’s expectations I satisfies

U] !
ﬁi _ 0y (m) ﬁf N ﬁé 0;6((7;

) ) g a0 A0 g

taking into account that dn! = (ML, nt causy T 0L, 4nt ¢aupy) AN}, nl = 1 when

c 52
OtUS

integrating. Moreover, recalling that ol = and that the law of large numbers

2 I c
US+7’LtOt

implies [; <7, gfmdb( jit) = wyll for all n, I finally write the average beliefs as

l

. o (nt) . o (nl) _
/gﬂmmMZ/Ql(tQJH%+tggsmd)moa+a—wMI (70)
Jt Jt&l2

2 c
0%~ oin
= n)| —=—II + ———II| + (1 — w;)II
nE;UBIut( )<U%+”0§ b od+ nog ) ( %

= oy IIS + (1 — ay)II

where, similar to He and Wang (1995), oy = > ,caun Mt(”)#%wc and where
S t
A .
uir(n) if ne A
pe(n) = tB . :
pu(n) if ne B

Equation (70) allows to characterize the impact of percolation on higher-order
beliefs (HOB). Since beliefs of higher order collapse to a linear combination of the
first-order expectations and denoting agent [’s expectation of [ o, ﬁ{ de(j;) by ﬁgl’” =
Elf;er [17du(j,)|FY], one may readily observe that [ = o,II¢ + (1 — o)IT! in such a

way that the second-order expectation writes
0P = [ [P = (1= (1= a))E + (1 - )L
Jt€

Iterating, the k—th order expectation ﬁﬁ’“’ writes

0 = [ 09 = (1 (1 a5 + (1 - T
Jt

Observing that the weight oy is increasing in the cross-sectional average number of
signals, and that the latter is roughly increasing like €, the following pattern occurs.
Because information percolation produces some inertia in updating initially, HOB play
a stronger role at the beginning of the economy as compared with a setup in which
signals continuously accrue. Yet, after some time, percolation takes off and signals

accrue at a rate beyond that of a continuous flow of signals. This ultimately causes the
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effect of HOB to decrease after some time has elapsed.
This also allows to show how the conjecture for linear prices in Definition 1 obtains.

Following Hong and Wang (2000), the price may be written as

Pi= [ EIRIRIAG) + 200
Jt

with F; = F [e’T(T’t)(H + 5)’ Ft} = II + ¢ denoting the expected value of the terminal
dividend under full information F; discounted at the riskfree rate and where the second
equality follows from r = 0. The term \;,0, represents a discount for inventory risk.

Notice that (:)f does not appear in the price as & implies that
A (TT—TI) = Mg (©; — ©F)

since E[&|F¢] = A II¢ 4+ Ay,0¢ and, given & C F¢, E[&|Ff] = &. Putting everything

together and taking into account that all agents have null prior regarding 4, I can write
Pt = (1 — Oét)H -+ Oétﬁf —+ )\Z,t@t

and the conjecture in (6) follows. This expression should be considered to hold on [0,T)
so as to allow a discontinuity in the stock price at the horizon when it attains the final
payoff I + §.
Using (70), I can further compute the average beliefs regarding the supply
A A P A ~
6 dL(]t) ST+ O — = Hgdb(]t) O+ oy ”(H —1II).

el A2t Aoy Jiel A2t
Applying the law of large numbers, I then obtain the aggregate demand

A2 _BoDP (n o2 ~
LI (@, 4 q (- T )

/ GlduG) = > m(n o) g, (71)
it Ay’ —BgD;™ (n) ofn e
Je€l ncAUB Q Wgél Ttorm (IT — 1I¢))
AS —BeD?  AY —ByDP
+(1—w) | = Lo+ ¢ LI —1I¢)
where D; = B, M(t) for j = 1,i. Clearing the markets yzields )
Al *, ALt Y% ofn
*,(2) >\1 RAT: (1) _K,YBC?) + ZneAuB Mt<n)BQ (Dl ( )(n) - %D ( )(n)) o2+on
A7 =3, e | () _ Aue el T
+(1—w)Bq (D — 3D7)
1
X o (72)

ZneAUB ILLt( )U Z+oin +1—w
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and,

AW — BoDpM (n)
Z pe(n) ¥ o (

2
ne AUB P)/BQ

Ag(l) . BQD:’(D
VB3

+(1—w) ~1. (73)

These equilibrium equations are obtained from the market-clearing condition
[ier01du(js) = ©¢ and Ag, A% and By’ in (46) and (72) follows from (73). Both
equations (72) and (73) determine the equilibrium behavior of Ay ; and Ay, over [0,T).

Yet, they lack boundary conditions: at the very date before the economy ends, agents

hold myopic portfolios of the kind in (50). Aggregating these, I obtain

< I, — Pr - Py

deb':/ T ) + (1 —wp) ——
fo B ilin) = [~ i)+ (1) =

a% 7

U%+O%_n

H’—Crf + U%I;%_TLH B pT—
= Z pir(n)

n€AUB PY(O%F, (n) + Ug) YO

Using that
PT, = )\1,T,H —+ (1 — /\17T7)ﬁ§~_ + )\2,T, ®T

and simplifying yields

>\1,T=< O I i i +1—w) (74)

c 2( C 2
ncAUB 0507+ o5(07 n+ o)

c 2
O Noj

><< Y ur(n)

+1- wT)
2 c 2( ~C 2
neAUB 0505 +0§(0% n+ 0%)

and

o =10t (5 o g AR )
2,7 = —70s Hr(n p - — wr .
neEAUB Ug‘OT_ + Ug (07 n+ U%)

This provides the two required boundary conditions associated with (72) and (73) and
takes care of the final jump in prices. Indeed, knowing A\; 7 and Ao and, thus, Pr ,
the jump size is then simply obtained as APy = I1 4+ § — Pr_. Substituting (74) and
(75) into (53) and (54) makes all the boundary conditions depending on 0% which
represents the only unknown terminal condition, hence the shooting method suggested
in the main text in Subsection 3.2.

When solving the equilibrium, one needs to jointly solve the HJB equations in
(47) and (48) in Proposition 4 along with the price equations (72) and (73) and the
equation (12) for the common variance in Proposition 3. The resulting system of

differential equations is not explicit, for the derivatives A, and X, appear through the
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coefficient k;. The solving procedure is alleviated if one is able to transform the system
of equations to be solved into an explicit one. As it turns out, a trick which works as a
continuous-time dynamic equivalent of Admati (1985)’s lemma is available: considering
the second equilibrium equation in (73) and observing that the derivatives of A;; and

Ag ¢ are contained in Ag,, one may spell out the left-hand side of (72) and write

* )\ * (& )\
AGD = TEAGD = X+ (1= Makiof = T (N — aeay) (76)
2,t 2,1

)

= /\2,t0—9kt + (1 - Alvt)k‘EOg

Substituting this expression in place of the left-hand side of (72) produces a quadratic

TeA2,t
0f(A1,¢—1)"

This root may be verified, by substitution into the equilibrium equations, to correspond

equation in k;. The latter has two real roots, one of which is of the form k; =

to the fully-revealing equilibrium. That is, one in which the diffusion of the price F; is
constantly null over [0,7) and the price thus reveals II. As this equilibrium is trivial,
I shall discard it and for obvious reasons only consider the second root. Substituting
the second root allows to make the system of equilibrium equations explicit and to

considerably facilitate the numerical implementation of the equilibrium. [ |

F Serial Correlation, Trading Strategies, and Mea-

sures of Performance

In this appendix, I compute the different quantities plotted in the results sections.

F.1 Serial Correlation

Integrating the supply in (1) along with common expectations in (9), I can write

t
0, = Ope " + 0 /0 ¢a0(=04 B (77)

. t t o, ~ t t .
Hc H/ ke J; O“kgd“ds—i—/ ngse—fs oukidudBS@ = E[HﬂH]—i—/ 0Ckye” /. oukﬁdudB?
0 0
(78)
where I used that ﬁg = 0. Accordingly, P, may be written as

t
Py = A 01+ Aoy (@oe_“@t + 06 / ea<-><s—t>dB§>
0

t t . t t .
+ (1 . )\1,1&) <H/ ngj?e_ fs Oukiduds +/ Ozkse_ fs Ouk’idust@> )
0 0
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As a result, the price difference AP, := P,y an — P, over [t,t + Al is given by

[ e k2du c _ [t ock2du
ALpta — Arg + ((1 — ALra)e J; whade _ (1- /\l,t)) fot Oskrge J oikid ds

AP, = b 1
t (>\2,t+A6_a9A — )\Q’t)eae(s_t)(f@ o
+ / t+A c _ + . dBS
o\ + <(1 - )\1,t+A)€_ft oukiudu _ (1-— Al,t)) okge J otkidu
t+A A
+ /t (U@)\z,HA@a@(S(HA)) + (1 = Aqn)oskse J. O“kidu) 4By
+ <)\2,t+A€_a®A — )\z,t)e_ae)t@o.
Similarly, I can compute the price difference AP,_A over [t — A, t] and get
o2
var(AP;_a) = (/\2,t6_a@A - >\2,t—A)2€_2ae(t_A)7@+
2&9
t c t—A
Mg = Argea + ((1 — Ay g)e JeaciRidn (g AM_A)) 1A e [, oikidugg
t . on
+(1 = Ay Jip oCk2e™ Jo oukidug g
2
—A ()\27t6—a@A _ )\2,t—A)6a6(S_(t_A))U®
+ / — " otk2du _ [t ¢ ds
° + <(1 — Ar)e Jios ok _ (1- )\l,t—A)> ogkse Jo T oukidu
' Fock2du
+ / (Ue)\z,tea@(St) + (1 = App)olkse™ Jo ok “) ds, along with
t—A
2
o
cOV(APipa, AP_a) = (Aapgae % — Agy)e O (Ag e 0% — Az,th)eia@(tiA)ﬁ—i_
e
_t+Aoc2u c —tOCQu
ALt = A+ ((1 — ALra)e Ji ik (1—Aiy) f(f ogkle J; ik ds
t+A c
+(1 . >‘1,t+A> fttJrA ngge— fs oukﬁduds
oo t—A
Mg = Arg-a + ((1 —Apg)e Jeaciklde gy A)) LB gek2em Jo T oikidugg |
X o2

+(1 - )‘1,25) ftt—A ng?e_\fs Oikﬁduds
t—A (/\2,t+A€7a@A _ /\Q’t)ea@(sft)ae
+/ A . t .
0 + ((1 — )‘1,t+A)€_ft ockzdu _ (1— Al,t)) ngse—fs 0¢ k2 du
(/\Q,teiaeA _ AZt—A)ea@(sf(th))O_e |
— t oc u -~ t—A OC u S
+ ((1 - )\1,t>€ L—A ukid _ (1 _ Al}tA)) ngse fs ukid
(Aoprae™d = Agy)ee g

A o0 _ t .19
oG kidu (1 o )‘1,t>> ngse fs 0§ kadu

i /ttA (1= pa)eh

t C
X <09>‘2,t6ae(s_t) + (1 _ /\1,t)0§ks€_ fs oukﬁdu) ds
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where the variance of AP;,_A and the covariance between AP,_A and AP; follow from
Ito isometry. The econometrician then computes the serial correlation of stock returns

by projecting AP, onto AP,_A. Applying the projection theorem, it follows that
E[APt|APt_A] - 6t(A)APt—A

where, as in Wang (1993), 5,(A) = %. Hence, as in Banerjee, Kaniel, and
Kremer (2009), returns exhibit momentum whenever §;(A) > 0 and reversal whenever
Bi(A) < 0. This is the measure often used in the empirical literature as in Jegadeesh

and Titman (1993), for instance.

F.2 Trading Strategies

From (66) and using the relation in (69) along with ©! = O, +52 )‘1 - (H I1), the portfolio

strategy of an agent [ holding n signals may be re-expressed as

) = dl () (0 J14(T = o) — 1 = o)) ) (79
bl ()1 — 0 (m)(Sh, — T
= b (M, + )1 = ) + () — T2, )] 3 ¢
where
) = afn) Tl o)+ (1= o) ()
and where al(n) = 2

2 Coy *
Us+otn

As in Brennan and Cao (1997) or He and Wang (1995), I further isolate the part of &'
that is solely associated with private information. Since, from (71), agent [ contributes a
fraction 1(n)dg 4(n) to the per capita supply shock, I denote by 0" = 6l(n) — d (n)6x,
the part of agent [’s portfolio that is absent of market-making concerns. From (78), it
then follows that

_ t t . t t ¢
Bt = i) (1= [ oghte™ Fo8as ) 1= i) o o0t
0 0

Further assuming, similar to Watanabe (2008), that agent [ remains of type n over A

and dropping the index n for convenience, the informational portfolio variation over A
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is given by

t+A t
l 1 l - oS k2du l t c1.2,— [ ofkZdu
Cipn — Pp t+ <80t+A€ J; — @i | Jo oskze J. ds
t+A
1 t+A 1.2 — oﬁkidu
—PrrA ft Oskse fs ds

t+A t t t+A t+A
l — oS k2du l — [ToSk2du ¢ (S] l - oSk2du ¢ S}
~ (hrae ) [l ang — g [ e, oLk, dB
A A 1 &
! l l Lt+A l 1,t k
T Prea — Y1 — d@,t+A)\ - d@,t)\ - €
2,t+A 2,t n

The econometrician, who can only make sense of A6 with respect to what she observes,

AG =

considers E[AG}|AP,]. Applying the projection theorem, one writes
E[AG|AP] = pi(A)AP, (80)

with p,(A) = %ﬁﬁtft) and where, by Ito isometry and {*}7_, L II L (B®);>0,

A
Lo (b e STtk a1t pep2e fy otkEdugg
Pren — Pt Pren ¥t ) Jo Oshs

~ .
COV(A9t7 APt) - I +A 2 ft+A cde
c - 0 k2du
_(zpt—s—A ft Osks6 s ds

t+

(1= cra)e
tHA
FAtra — A+ (1= M) ftt+A o O”k?‘dungf’ds
_ t+A Ocdeu _ tock2du .
t (QDL-AG j; e 90115 € fs w Osks
_/ 0-@()\2’15+A€_a(-)A _ /\27t)ea(_)(s—t) ds
0 t+A c -

Ac? t c12
kid t _— k;d
AR (1 X)) e eiigek2s
on

t+A e ) Oikid“oﬁks
_ 90t+A/t v (0_6)\27t+A6a@(5(t+A)) (1= Apen)e Jres ozkﬁduogks> ds.
Hence, as in Brennan and Cao (1997), agent [ follows the trend whenever p,(A) > 0 and
pursues a contrarian strategy whenever p;(A) < 0. This is the measure of momentum
strategies used in Grinblatt, Titman, and Wermers (1995), for instance. Notice that
the measure of trading behavior in (80) is not equivalent to that of Wang (1993), for
instantaneous covariances ignore the contribution of private discussions. To see this,

observe that prices have continuous sample paths

AP, = E[dP,|F!] + (Ag400 + (1 — Ay )oSk,)d B,

Aq,i—Bqt(BY, ,(n))T Ml (n)
VB¢

Moreover, defining f}(n) = along with the jump size of this
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function
(BYy o(n+my)) " M{(n + my) — (BY ,(n)) T M{(n)

VBQ,t

Afi(n) = -

)

an application of Ito-Tanaka’s formula yields
d@i [d9l|fl] +ft( )Bfllt( f:,)dBl (Aft( )\Ijl + ft( 1lt +mt)0\l11,t)dNtl'

Hence, I get

A — Bou(BYy 1 (n; )T M (n; )
’YBé,t

E[d0LdP|Fl] = (Masoe + (1 — A1 4)oSk:) pr’t(nif)dt

where the contribution of private meetings gets flushed out.

F.3 Measures of Performance

In the sequel, I derive a fund’s NAV and the structure of the regression in (17). In so
doing, I consider the performance solely induced by the informational portfolio 6, for

one should not give credit to a manager for making money on noise traders.

i) Net Asset Value. One may want to make the following preliminary observation:
were agents risk-neutral, their expected trading gains would be null, for prices P would
be martingales and, thus, E[f; 6!dP,] = 0 as in Hirshleifer, Subrahmanyam, and Titman
(1994). Due to the serial correlation in returns, this result is expected to be changed:

using (79), expected gains up to time 7 may be expressed as

T T N T )\ 1 n
E U HidPt} —E U A — Hf)AQt\IJtdt] VE V (s@i L g ) 3 det]
0 0 0 )\27& ni=
+E { / giB@tdBt@] + 11—y E[6h APy
0
where I set W! = 0: since agents have CARA utility, this assumption is immaterial.

Since {€*}7_, L (¥;);>0 and that €* has zero mean for all k& and that the third term

inside the expectation is an Ito integral, it follows, under regularity conditions, that
E|[ dar|=E|[ Jm -1 (426, + A% a1 —19) at| + 1, EF. AP
o et 0 0 £) 0.9 + Q,t( £ + Lr=my 07 lf
Moreover, using (51), one may write

g _ (1=ab)Es d+(—ah =)= )

= v(d} + 03)
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and it follows, applying Fubini’s theorem, that

E [ /0 ’ @dPt} _ /0 "B (- 1) (420, + A1 - T1p))] di
1—af

+ 1y e
=50k + 02)

B[ =115 ) (1= A )(IT =105 ) = Aoz O7)] .
Substituting (77) and (78), and using Ito isometry along with I 1. O L (B?)i>o, I get

T T t t .
E [ / Qide} = —00 [ AAS) [ otk ot Lt say
0 0 " Jo

+ 4 lA(3) 1 t ck,2 fftoﬁkﬁdu 2 2 t c 2 72]7503]@3(1”
YAt = s o.kie” Js ds|) o+ ; (0Sks)“e s ds | dt
0

2
2 s kzdu 2
1= fop oik2e” Jim d) o2

n f[OT(ok:) 2 Jioiry Oikidu g g

oS k2du
+A21 06 Jjo.1) o°kse” =S ds

i €

.o . . ~ A(l)éc
ii) Performance Regression. Denoting by 6¢ = —%
’YBQ

the myopic market port-

folio and using that ¢ € F¢ C F!, I can write a manager ['s myopic portfolio g

as
4@ _ My
Al he Qit Xt Qt e
0 =6°+ 732: (H — 1I5).

Using (36) and (76), it follows that A( ’\1 tA = Bg.k: and I get

~ ~ ~ k
(I —T0) =6, + —

0, =0¢+
- " vBg. vBq.t

(1 — af)(S} — 1)

where the last equality follows from (69). Further observing that IT — II¢ = ﬁ(Pt -
ﬁf — A240y), one obtains (16).
The difference between the returns generated by managers ¢ and market returns

follows from observing that
dR! = 0:dP, = diy (11 — [1¢)(A5),0,dt + (AS), — Bg k) (11 — TI)dt + B, dBy)
and

_ A . Y -
dR¢ := 03P, = g,tﬁ(n — II¢) (A 5 (@t + ﬁ(n HC)> dt + BQ,tdB§> .
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G Description of the Calibration

This appendix provides further comments on the calibration of Subsection 3.3.2, which
is used in the results sections.

I set ag above 0.05, as estimated by Campbell and Kyle (1993), for this parameter
value would make the supply counterfactually persistent. The chosen calibration matches
that used in Huang and Wang (1997) and Hong and Wang (2000). The volatility of
the supply og is consistent with that estimated by Campbell and Kyle (1993) who
show that this parameter would be related to risk aversion in equilibrium. Inspection
of Section 3 in Campbell and Kyle (1993) shows that © is equivalent to X in their
setting. This further implies that og is of the form %diﬁ(dNt). After correcting
a mistake in the first and third equations of B.12 and B.7, respectively, and substituting
the estimates of Table 8 indicates that my calibration is obtained for a risk aversion of
8. This parameter lies within the range used by Wang (1993) and is below that used by
Hong and Wang (2000). I choose to set the risk aversion parameter well below 8 to
be consistent with Koijen (2012) who structurally estimates fund managers’ relative
risk aversion and reports a risk aversion of 5.51 and stock holdings of $ 93 millions on
average.

The volatility of ideas og is chosen to be higher than o and both are set to the
calibration of He and Wang (1995). A similar estimate for oy is obtained in Banerjee
(2010). The volatility of ideas is chosen so as to reflect that working ideas are diffuse but
not too imprecise. Notice that respectively increasing v, og, 0g and oy or decreasing
ae would only make my results stronger.

To fix ideas regarding the chosen network thresholds, suppose one shuts down the
price-learning channel so that of = 0. Then, at the chosen value for N, the marginal

!

1 9 — ___ %1% _
effect =) 8n0t(n)‘n:N = oTtein)?

il of an additional idea is less than -2%. In other

words, the contribution of an additional idea becomes negligible: social interactions
have mostly exhausted their informational role. Since learning from prices will make
this contribution even weaker, N is a natural level for perfect knowledge to step in.
To further make sense of the chosen K, suppose an enforcement technology exists
so that agents optimally pre-commit to switch after getting K ideas or more at a cost
B. Assuming away time-inconsistency issues, they would compare the value VA =
Ynea tip(n)J (n, T) of Network A with that eVF = e ¥, cpioy pf(n)J (n, T) of
Network B at time 7. The value K would then be optimal if g = %log (gg:;t;é%)
In turn, an interaction intensity of one meeting twice per year (n = 2), every quarter

(n =4) and every two months (7 = 6) imply a cost 5 of 0.34, 0.44 and 0.438, respectively.
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